Every link has a (3,4)-diagram
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Complementary regions of a diagram

K:knot(1l-comp.link)

_ _ a face of D
l projection

Crossing

P:projection of K D:diagram of K




1) We do not consider diagrams
without a crosssing.
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2) Diagrams are connected and reduced.
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D: a diagram of a link

pn(D) := # of n-sided regions of D

Podd(D) := > pn(D)
n . odd



pn(D) = 4

(n =5)
(otherwise)




Implication from Euler's formula

D :a link diagram (4-regular graph of S2)

By Euler’'s formula v—e+ f = 2, we have

2p2(D) + p3(D) =
8+ ps(D) +2pe(D) +3p7(D) + - -

Easy consequence

1) p2(D) # 0 or p3(D) # O
2) poaq(D) is even.



Known results about 4-valent graphs in S?

D : 4-regular simple graph on S?
(link diagram s.t. p>(D) = 0)

p3 =8+ ps + 2ps + 3p7 + -+ (%)

Theorem (Grunbaum 1969)

Vpn € N(n # 4) satisfying (x),
dps € N,
4 a knot diagram D

s.t. pn(D) = pn (n > 3)




Theorem (Jeong 1995)

Vpn € N(n # 4) satisfying (x),
dps € N,
4 a knot diagram D

s.t. pn(D) = pn (n > 3)

Theorem (Enns 1982)
p3=8, pn:O (?’LZS), Vp4€N,

4 a link diagram D
s.t. pn(D) =pn (n > 3)



(aq,az,as3,...)-diagram

(a1,ao,a3,...) :astrictly increasing sequence of integers

(finite/infinite, a1 > 2)

D :(a1,ao,a3,...)-diagram

<— Each face of D is an an-gon for some n.



Example (diagrams of a figure eight knot)

(2,3,4)-diagram, (2,3,4,5)-diagram, ...

(2,3)-diagram (3, 4)-diagram
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Theorem [A-S-T]

1) Every link has a (2,4,5)-diagram.
2) Every link has a (3,4,n)-diagram (n > 5).
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Proof of (1) (n=5)

L :link

rectangularize
>

D :diagram of L
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T :trivial knot










Main Theorem

—very link has a (3,4)-diagram.
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Sketch proof

(01,02,...,0,_1)%:toric braid of type (p,q)
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toric braid of type(5,6) quasitoric braid of type (5,6)
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Theorem (Manturov 2002)

Every link can be represented
as a closed quasitoric braid.

20



rectangularize

—

(p=5,9=26)
diagram of L represented
as a closed quasitoric braid

21




B




14
——
]
| ~
) (2]
TS
(3)
@

D':diagram of L obtaided from
a closed quasitoric braid of type (p, q) 23
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D’:diagram of L obtaided from )
a closed quasitoric braid of type (p, q)

Q(2p+qAp+4g+1) =



SICISIS

2p+q

Adp+4q+1

7N

L/
N—""'—_

y

(3,4,5)-diagram of L||T 26
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Theorem (A-M-S)

(1) 3 infinitely many knots which have a (2,n)-diagram.

(n 2 0 (mod 2))

(2) 3 infinitely many knots which have a (3,n)-diagram.

(n Z 0(mod 3))
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Open problems

o Does every link have a (2,4,n)-diagram for some n > 67

o Does every link have a S-diagram

for some S = (a1,a2,a3) which does not contain 47

37



