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Aim: To characterize " Stability” of C°° map germs (R!*,0) — (RP,0).
To introduce Thom-Bordman type characterization of singular points
of map germs (R},0) — (RP,0).
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In this talk, all manifolds N and maps N — RP are class C°.
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Denote (R},0) the set germ at 0 € R™ of the pair
R, = (R",R™ x {0}), n>m

where R™ equipped (z1,...,Zm,Y1,---,Yn—m) COOrdinates and
R™ x {0} is the {y1 = -+ = yp—m = O}-plane. This corresponds to a
submanifold of our manifold.

I For a map germ f: (R},0) — (RP,0),
Dfo # D(flgmxfo1) and j*£(0) # 55 (flgmy {01)(0).

In the following assume n > p.
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fandg: (R*,0) — (RP,0) are Relative-A-equivalent ( Relative-equivalent

for short)

<€ 34iffeo. germs

s: (R»,0) — (R,0) which preserves R™ x {0},
i.e. s = (S1,---,8msSm41,---55n) With s, 1 = a5, 15,
where a; € mp—m.En =< Yy1,...,Yn—m >g,C Mmn,
t: (RP,0) — (RP,0)
s.t. they make the following diagram commute:

(rRE,0) L (me,0)
d |
(R™.0) L (RP,0).

RA=1(s.1) | s: (R»,0) — (R,0) : diffeo. preserving R™ x {0}
— t: (RP,0) — (RP,0) : diffeo

s: (R™ 0) — (R", 0) : diffeo.
t: (RP,0) — (RP,0) : diffeo.
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I Function germs (X",0) — (R,0) of manifolds with boundary was
studied Arnold ('76) and Siersma ('81), Shcherbak ('91),
Tsukada ('96).

I Map germs (X2,0) — (R2,0) of surfaces with boundary was studied
by Bruce and Giblin ("90).

I Map germs (X3,0) — (R2,0) of 3-manifolds with boundarywas
studied by Shibata(’'00), Martins and Nabbaro ('13).

I Saeki and Y ('14) studied singular fibers of stable maps f: N3 — PZ
of 3-mfds. with bdry. into surfaces without bdry., and obtained a non-
trivial ASpr(3,2)-cobordism invariant of Morse maps f: V2 — W1 of
surfaces with bdry. into Wl =R or s!.
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Shcherbak ('91) denote singularities of functions f: (X™,0) — (R, 0)
of manifolds with boundary (x = 0) by the singularities of the am-
bient space and the singularities of the restriction of the boundary.

1. Singularities with decomposition (A4, A). Besides the simple singulanities By = B, _,, C} = C’f"l?
Fy = F} (cf. [5]) there is also an infinite series of equivalence classes (k > 1).

List 1
Class Normal Form m | Decomposition | Duals
2k+1 25+ 2k
Fidl | 2+ aany® T + 22 apay® 2 4 bapmy®™ 0l £4 |k Ak, Aok | FRE
Fiy #* + T L agytt 4 gyt k-1 Az, Aoz F2E
B'zlk-l . ;
;;{}i}k e+ P+ayT+ - Faay™t e #£0 k-1 Ap, Ak gy
Capy 2 k 1+1 El-1] | 2%—1

" Boundary Singularities with a simple decomposition’ , Journal of So-
viet Mathematics July 1992, VVolume 60, Issue 5, pp 1681-1693.
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f: (RY,0) — (RP,0) is stable
€'V representative f: U — RP of f,
IN(f) € C>*°(U,RP): an open neighborhood of f
s.t. Vf e N(f), 3/ e U,

germs (f,0) and (f/,4/) are Relative-A-equivalent.

I C°°(U,RP) is equipped with the Whitney C*° toplogy.
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f: (R*,0) — (RP,0) is homotopically stable
€' Yunfolding @ (R x R* (0,0)) — (RP,0) of f is locally trivial,

Let &: (R x R¥ (0,0)) — (RP,0) be an unfolding of f.
®: (R x R* (0,0)) — (RP,0) is locally trivial
€' 3giffeo. germs h: (R™ x R™, (0,0)) — (R x RP, (0,0)) and
H: (RP x R*, (0,0)) — (RP x R (0,0)) s.t. they satisfies:

(1) h(z,0) = (x,0), h(X,0) = (X, 0),

(2) h preserves R™ x {0},

(3) they make the following diagram commutes

(RP x RF (0,0)) “2™, (RP x R, (0,0)) =5 (RF,0)
@ W
(R™ x R*,(0,0)) L™, (RP x R¥,(0,0)) > (R¥,0).
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For a C°° map germ f: (R},0) — (RP,0), let
0(f): the set of vector fields along f,
6(n,m): the set of vector fields on (R}, 0)
tangent to R™x {0} on R™x {0},

O(p): the set of vector fields on (RP,0).
L o(f) =¢&L, 0(p) = &) and

0 0 0 0
e(npm) — {gl—+"’+§m—+al—+“'+an—m8

iegnpa'emn—m ,
8561 833m ayl yn—m| 5 ’ }
where &, denote the ring consisting of all C* function germs (R?,0) —+ R and

mn—m C E, consisting of all C* function germs (R*™,0) — (R, 0).

Then, f: (RY,0) — (RP,0) defines maps
tf:0(n,m) = 6(f) by £ = Tf(€) and wf: 0(p) = 0(f) by nr—mno f.

A map germ f: (R},0) — (RP,0) is strongly infinitesimal stable
def

< it satisfies 0(f) = tf(0(n,m)) + wf(0(p))
E &l =Endfor s fomr01furs - OnomPyn ) +@F(ED), (0 € Mnm).
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~ Prop ~
Let f: (R},0) — (RP,0) be a C°° map germ. Then, the following
Six conditions are equivalent:
(1) f is stable,
(2) f is strongly infinitesimal stable,
(3) f is homotopically stable,
(3) En = ndfoy 01 fyrs o om—mfyn b+ Wf(gg) + f*mp-gga
(4) En = 5n-{fa:17 s @1 fyps - Oén—mfyn_m} + Wf(gz];) + f*mp,gg
+mbtt el
(5) For any representation f of f and any R.AP-orbit RAP(z),
jPf is transverse to {0} x RP x RAP(z),
(6) For any representation f of f and any RKP-orbit RKP(z), jPf

Kis transverse to {0} x RP x RKP(z).
J

I This prop. is proved as the similarly way of the cases A-eq. & K-eq.
VIf f: (R,,0) — (RP,0) is stable, then flg.y {0y iS also stable.
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Prop

f,g: (R*,0) — (RP,0): stable map germs
f and g are relative-A-equivalent g they are relative-/C-equivalent

I Germs f and g: (R!,0) — (RP,0) are relative-K-equivalent

4 3 a diffeo. germ s: (R™,0) — (R",0) and

Fa C® map M: (R*,0) — (GL(p,R), M(0))
s.t. s preserves R™ x {0},

i.e. s=(s1,...,8,) With s, = ays; . =m+1,...,n), o € Mp_m.En
they make the following diagram commute:

(Rr,0) -1 (Re,0)

T

(Rr,,0) -5 (RP,0).

' mpO(f) C TRE(S) = tf (mnb(n,m)) + f*mpo(f)
= f is r-determined with resp. to RK.

Cf. f is r-determined with resp. to R

K irr0) = 479(0) = f ~ric g
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Let f: (RY,0) — (RP,0) be a C*° map germ satisfying

| 0(f)
dimp = k47,
tf(0(n,m)) + f*mpo(p)
and ¥1,...,¢ € mp0(f), ai,...,ay € RP span the R-vector space via
0
the projection 6(f) — (f) . Then, we have the
tf(0(n,m)) + f*mpo(p)
following.
~ Prop ~

A germ F: (RF x R%.(0,0)) — (RF x RP,(0,0)) i.e

F: (RPES 0) — (RPHF,0) defined by

k
F(Ala"w)‘kaw) — (AlaaAkaf(x)_l_ Z >‘Z¢Z)
1=1

Kis a stable map germ. )

— Stablity for C*®° maps (N, M) - P — 11/23



Example Let fy = 22 +y2: (R?,0) — (R,0). Then,

Eo/(tf+(0(1,1)) + fim1&1) = &a/(2x€ +2ya + (22 £ y?)p)
(gagp < 82,05 cmi] =<y >52)
= <1l,y>gr.

Thus, we obtain an RIX-2-determined stable germ

Fir = (a,z2 + y°> + ay): (R3,0) — (R?,0)

AL FL(S(F1))U Fe(S(Fyly=0))

I Fy has FOLD (47, ~29) singularities along {(2y,0,y)} and Filp2y g0y
has FOLD (A, X19) singularities along {(a,0,0)}.

A map germ Fs(a,z,y) = (a,z2 +y2) is NOT stable. Note that both
F> and F2|R2x{0} has fold singularity along (a,0,0).
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In particular, a map germ f: (bej_"il,O) — (R 1 0) defined by

f:(a'la"'aa'nawzj:y%:l:"'Zl:y%_l_a’lyl+"'+a’ny)

is a stable map germ s.t. both f and f|Rn+1><{0} have FOLD (A7)
singularities.

Furthermore, a map germ f: (R"T™TF 0) — (R*t7k 0) defined by

n-+nk
— 1 1 k k 1 2 2
f=C(a1,...,ap_1,a7,. .., Qpy...,Q,...,Qn 4t tyf £ Eyf

tarz+ - Fa,_q2™ !
+aiyr + -+ apa" ty

+aly, + -+ aka" "y

is a stable map germ s.t. both f and f|Rn+nk><{0} have A,, singularities.
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Example (R%,0) — (R3,0)
A map germ fi(a,b,z,y) = (a,b, zy + z3 4+ ax + by) is stable.

f(S(f£))U f+(S(f+]y=0))
I f+ has FOLD (41, ¥29) singularities and f+|r3x 0y has CUSP (Ay,

> 1,10y singularities.

In particular, the map germ f: (RZ_T,?TIQ,O) — (R**Tk+1 0) defined
by

tan_12"" 1 4+ any + b1z + - + bz
is a stable map germ s.t. f is A1 singularities and f|Rn+k+1><{0} is Ap,

singularities.
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Example (R%,0) — (R3,0)
A map germ fi(a,b,z,y) = (a,b, 22 + y3 + ay + by?) is stable.

e

' f(S(f)IU fL(S(f+ly=0))
I {1+ has CUSP (A4,, ¥21.0) singularities and f+lg3x 0y has FOLD

(A1, =1.0) singularities.

In particular, the map germ f: (RZL%TIQ,O) — (R*+F+1 0) defined
by

f=(at,...,an,b1,...,by , > +y"T1+224+... 422
+a1y + - +any” +b12z1 + -+ brzg)
is a stable map germ s.t. f is A, singularities and f|Rn+k+1x{0} is Aq

singularities.
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Let X! and 7/ be Thom-Boardman symbols for (R™, 0) — (RP,0) and
(R™,0) — (RP,0) respectively.

~ Definition N

A map germ f: (R%,0) — (RP,0) is =4 type

K s =1 tyep if we ignore the submfd R™ x {0}, and

flrmx oy is =7 tyep.
. J

. I n—p—+1,1,...,1,0 n—p+1.,0 n—p—+1,1,...,1,0
Plet2; =2 0470 or X 411,100 Zm_ptiil..10 ( the

same number of 1s). Then,

A =L type map germ f: (R%,0) — (RP,0) is stable

M oesI(f) and I(f) M R™ x {0} at O.

Q When a map germ f: (R*,0) — (RP,0) admits a stable singularities
of type =47
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§ Thom-Boardman type symbol

A C*® map f: (R*,0) — (RP,0) is relative if f(R™ x {0}) C RY x {0}.
Then, denote by f: (R%,0) — (RE,0) the relative map.

C>®(n,m;p,q) = {f: (R},,0) = (Rq,0)}.

I C°°(n,m;p,q) is equipped with the induced topology from the Whit-
ney C*° topology on C°°(n,p). Then, C*®(n,m;p,q) is a Baire space.
Thus, a countable intersection of open dense subsets of C*®°(n,m;p, q)
is dense in C*®°(n,m;p,q).

I If ¢ = p, then C°®°(n,m;p,p) = C*®°(n,p).

Assume k > 0.

JE(n,m;p,q) := {j*£(0) € J*(n,p)|f: (R}},,0) — (Rf,0)}
Then, J¥(n,m;p,q) is a fibration over (R™ x {0}) x (R? x {0}).
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~ Relative Transversality Theorem: germ version (G.Ishikawa) ——

For a given countable family T of J*(n,m;p,q),
TR C C°(n,m;p,q): a residual subset
s.t. Vf € R satisfies that
jkf|RmX{o}: R™ x {0} — J*(n,m;p,q) is transverse to T

Let us apply Relative transversality theorem to the case ¢ = p. Then,
Relative Transversality theorem shows that for a given triple integers
n,m,p and a type of singularity S if stable maps f: (R},0) — (RP,0)
admit singularities of types S.
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Let ! ¢ Jk(n,p) and =/ < J¥(m,p) be Thom-Boardman submfds,
where I = (i1,...,i;) and J = (j1,...,J). Put

25 = ZI M 77_1(ZJ> C Jk<n7p)7

where 7: J¥(n,p) — J*¥(m,p) denote the canonical projection.

~ Prop. N
Zg. c J(n,p) is an RAY-invariant submfd of codimension

jp—m+j)+i(p—n+i)—jlp—n+i).
Furthermore, if I = (i1,0) or J = (j1,0), then <4 C J*(n,p) is a
submfd of codimension
cod>! 4+ cod=? —j;(p—n+iq),

where cod>! and cosx” denote cod.s of ! ¢ J¥(n,p) and =7/ C

KJ"’(m,p) respectively. )
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Then, we pose some questions.

Q (1) When =4 =07
(2) In general, is 1 a submfd of J*(n,p)?
(3) If Z§ is a submfd, then calculate the codimension of Z§ c J5(n,p).

I Note that

(1) Assume m >q. ¥, =0 if i #n —p. Furthermore,

n—p+1,1,1.0 n—p—+1,1,0 .
110 =0and X 010 =0

(2) Zg- = () if 4 does not satisfies that
m—j<n—i<m-—j+min{n—m, p—m-+j}.
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Our map situation is that p = ¢g. Let us apply Relative Transversality
theorem for a generic map f: (R},0) — (RP,0):

i* flrmsc oy - R™ x {0} — J¥(n, p)
U
=)

For a map germ f: (R’,0) — (RP,0), the above prop. shows that

Then, Relative transversality theorem implies that a stable map germ

f:(R*,0) — (RP,0) admits Zglippill’oo type singularity
iff

sSm>n—-m+1lsm>n+1)/2.
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Example For a stable map germ f: (R3,0) — (R3,0) is relative -
equivalent to one of the following germs

(a,b,z,y1,Y2) = 4

r(a b, a;) 22 0 (Regular Regular)

(a,b, 22 + y1 + yo), Zl 0 (Regular Fold)
(a,b, 23 + ax —I—yl + o), Zl 1.0 (Regular Cusp)

(a,b, 2% + az? + b + y1 + yQ) Zl 1 1.0 (Regular, Fold)
(a, b, x? + y? £ y3 + ay1 + byo), zl o (Fold, Fold)

Example For a stable map germ f: (R%,0) — (R2,0) is relative -
equivalent to one of the following germs

(a,z1,22,Y) — <

(a a;l) Zlo (Regular Regular)

(a :131 + :U2 + y), 22 0 (Regular Fold)

(a, £Ul + axq + :c2 + y), ZQ 1 0 (Regular, Cusp)
(a £Ul + ZU% + y2 4+ ay), ZQ 0 (Fold, Fold)
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Example For a stable map germ f: (R3,0) — (R3,0) is relative -
equivalent to one of the following germs

(a,z,vy), 28 (Regular, Regular)

Y Y _> i
o) e e ey Ut

Example For a stable map germ f: (R%,0) — (R3,0) is relative -
equivalent to one of the following germs

(a,x,y1), Zé’o (Regular, Regular)

a,xr,Yi, — :
( y1, Y2) {(a,x2 + y1,ax + yo), 2178 (Regular, Whitney Umbrella)

Cf. A map germ f: (R2,0) — (R3,0) A-eq. to f = (a,z2,ax) is called
Whitney Umbrella (or Cross Cap).
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