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Finite Time Extinction of Historical Superprocess
Related to Stable Measure

ZEEIC BT B v R ) A1) VEE Az O 4 FRI RV

I. DOKU (Saitama University) BT B (\ERPZEEZE)

1. Superprocess with Branching Rate Functional

We introduce the superprocess with branching rate functional, which forms a gen-
eral class of measure-valued branching Markov processes with diffusion as a under-
lying spatial motion. We write as (u, f) = [ fdu. For simplicity, Mp = Mp(R?)
is the space of finite measures on R?%. Define a second order elliptic differential
operator L = 1V -aV +b-V, and a = (a;;) is positive definite and we assume
that a;;,b; € CY* = C¢(R?). Here C'¢ indicates the totality of all Holder con-
tinuous functions with index ¢ (0 < € < 1), allowing their first order derivatives
to be locally Holder continuous. {&,II;,} indicates a corresponding L-diffusion.
Moreover CAF stands for continuous additive functional. Let K? (with ¢ > 0)
denote the Dynkin class of locally admissible CAF’s with index ¢ [10]. When we
write Cj, as the set of bounded continuous functions on R%, then C," is the set of
positive members in Cy. The process {X,Ps,} is said to be a superprocess with
branching rate functional K or simply (L, K, p)-superprocess [10]([1],[8]) if X is a
continous Mp-valued time-inhomogeneous Markov process with Laplace functional
Pepe™Xoe) = e=wvlet) for 0 < s < t, p € Mp and ¢ € C,". Here v is uniquely
determined by the log-Laplace equation

t
I 00(&) = v(s,a) + Hs,a/ v (r, &) K (dr), 0<s<t, a€RY (1)

2. Associated Historical Superprocess

The historical superprocess was initially studied by Dynkin (1991) [9] (cf. Dawson-
Perkins (1991) [4]). C denotes the space of continuous paths on R? with topology
of uniform convergence. To each w € C and t > 0, we write w' € C as the stopped
path of w. We denote by C! the totality of all these paths stopped at ¢t. To
every w € C we associate the corresponding stopped path trajectory w defined by
wy = wt (t > 0). The image of L-diffusion w under the map : w + 1 is called the
L-diffusion path process. Moreover, we define Cj, = {(s,w) : s € R,,w € C*} and
we denote by M(Cy) the set of measures n on C} which are finite, if restricted
to a finite time interval. Let K be a positive CAF of ¢&. {X,P,,} is said to be
a Dynkin’s historical superprocess if X is a time-inhomogeneous Markov process
with state X, € Mg(C!), t > s, with Laplace functional Ps,#e‘@w) = e~ (wlsit)



for 0 < s <t, p € Mp(C?) and ¢ € C,(C), where v is uniquely determined by
the log-Laplace equation

t
.0, 0(&) = v(s,ws) + f[s,ws/ v (r,&)K(dr), 0<s<t, w,eC’. (2

We call this X an associted historical superprocess in Dynkin’s sense [9],[5].

3. Superprocess Related to Random Measure

Suppose that p > d, and let ¢,(z) be the reference function. C' denotes the space
of continuous functions on R?, and define C, = {f € C : |f| < C} - ¢,, IC; > 0}.
We denote by M, the set of non-negative measures u on R?, satisfying (i, ¢,,) < oc.
It is called the space of p-tempered measures. We define the continuous additive
functional K, of £ by K, = (n,08,(§))dr for n € M,. Then X" = {X/;t > 0}
is said to be a measure-valued diffusion with branching rate functional K, if for
uw € Mp, X satisfies the Laplace functional IPZ#G—(X?’@ = e~ W) for p € CF,
where the function v is uniquely determined by

I 00(&) = v(s,a) + Hs,a/ v2(r, EVKG(dr), (0<s<tac Rd). (3)

Assume that d = 1 and 0 < v < 1. Let A = A(dx) be the Lebesgue measure on R,
and let (v, P) be the stable random measure on R with Laplace functional

Pe~) = exp {— / gp"(m))\(dx)} . pedq. (4)

Let p > v~! in what follows. We consider a positive CAF K, of ¢ for P-a.a.
w. So that, thanks to Dynkin’s general formalism [10], there exists an (L, K, jt)-
superprocess X when we adopt a p-tempered measure v for K, instead of n, as
far as K, may lie in K9 (3¢ > 0).

4. Historical Superprocess Related to Random Measure
As for the historical superprocess associated with the superprocess X7 related to
random measure, we can prove the following.

THEOREM 1. Let K., be a positive CAF of € lying in the Dynkin class K9. Then
there exists a historical superprocess X7 = {X”’,IF’ZW s >0, u€ Mp(C%)} in the
Dynkin sense. In fact, X7 is a time-inhomogeneous Markov process with state
X] € Mp(CY), t > s, with Laplace functional ]f”z’# exp{—(X], @)} = e ¥ for
0<s<t pe Mp(C¥) and ¢ € Cf (C), where v is uniquely determined by the
log-Laplace equation

t
Hs7ws¢(€t) = U(S; ws) + Hs,ws / 1)2(7”, gr)f(’y(w; dT’), O < S g t: W € CS‘ (5)



THEOREM 2. Suppose that p > 1/v and d = 1. Let p € Mp with compact
support. Then the historical superprocess X7 with branching rate functional K,
dies out for finite time with pwobability one. That is to say,

P—aa v, PJ(X/=0 3t>0)=L1 (6)

EXAMPLE. For d = 1,a =1 and b = 0, X7 is a stable catalytic SBM. This was
initially constructed and investigated by Dawson-Fleischmann-Mueller (2000) [2].

As a matter of fact, the above result yields from the following:

PROPOSITION 3. For a fized sample y(w)

lim B ,(X] #0 and supp(X]) C Ck) = 0. (10)

t—+00
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The expected volume of Wiener sausage for Brownian bridge
Jjoining the origin to a point outside a parabolic region

K. UCHIYAMA (Tokyo Institute of Technology)

1. NOTATION.

zng—l (d=12,...); 7X=inf{t>0:|BX<a} (a> 0,x € RY)Y;
d d x (d) —d/2 —x2/2t
Platia) = P <l) (@=|xI>a).  px) = (2nr) e
(27.[.)1/+1 ) )
v =z - 0 ) Au =1 v\Y)-
Au(y) 2 K] (y>0) (0) lim A, (y)

2. DENSITY OF HITTING DISTRIBUTION.

Theorem 1 Let 6 > 0. Then, uniformly for x > a+ 4, ast — oo,

et =, (1= (4 (1vom) @z

and

29 t:0) = Ao(?>p£“‘)(x>§g—l(§("j—é‘%(l vo)))  (@=2)

REMARK 1. A weaker version of the result above is given in [1] : the upper and lower
bounds by some constants are obtained instead of the exact factor (1+0(1)). For each
r > a fixed the result also is given in [2] but with some coefficient being not explicit. (2)
restricted to the parabolic region x < v/% is a consequence of the results in [4](c). For
the random walks the results corresponding to (1) and (2) (rather finer) but restricted

within the parabolic region are given in [4](b).

Theorem 2 For eachd =1,2,. ., uniformly for x > a, ast | 0

e = Gzt (-5 (2) 7 o).

REMARK 2 (Scaling property).  g(z,¢;a) = a~%q(x/a,t/a%1).

3. VOLUME OF SAUSAGE.

Let 5 be the region swept by the ball of radius a > 0 attached to B at its center

as s runs from 0 to ¢:
5 = {xeR*:|B® —x| <a for some s¢ [0,]}.
Theorem 3 [fd > 3,
E[Voly(S{) | BY = x] = a"2 tA,(0)(1 + 0(1))  as t — 00, 2/t — 0.

This asymptotic formula if restricted to the region x| > v/t holds also for d = 2.

le‘ is a d-dimensional standard Brownian motion started at x.
2K, is the modified Bessel function of second kind of order v.



Theorem 4 ([4](d)) Letd = 2. For each M > 1, uniformly for |x| < M\/t, ast — oo

2
(a) 0_ ) _ 2 T t
EVoly(S,") | B = x| = 27tN(xt/a®) + (l—gt—)E [lg ( Ty 1) +0(1)] +0(1),
where N(X), A > 0 is given and admits the following asymptotic expansion
o e du 1 0%
NN = e . A 3
() /o (lgu)2+72u IgA (lg))? + (as A= o00)

4. RANGE OF PINNED RANDOM WALK.

Let S, = X; +--- + X,, be a random walk irreducible on Z? and of mean zero. For
X € R? put ¢(N) = lg E[e*¥1] and for u € R? let ¢(u) be the value of A determined by

vo| = 3)
c(p) is well defined if g is an interior point of the image set VA(Z) of = = {\ :

E[|X,|e**) < oo}, Let Q be the covariance matrix of X; and fy(n) the probability
that the walk returns to the origin for the first time at the n-th step (n > 1). Put

Zfo (1—e*k¢<>>), Zn = t{S1, 52, ..., Sn}.

Theorem 5  Suppose that ¢(\) < oo in a neighborhood of the origin and let K be a
compact set contained in the interior of =. Then,

27|Q|/? < 1 )
H = O —— 0
W =m0 T\ a lul =

and, uniformly for x € Z? satisfying x/n € K and |x| > /n, *
E, [Zn
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ON SPECTRAL BOUNDS FOR SYMMETRIC MARKOV
CHAINS WITH COARSE RICCI CURVATURES

KAZUHIRO KUWAE
(KUMAMOTO UNIVERSITY)

1. COARSE RICCI CURVATURE

Throughout this talk, let (F,d) be a Polish space with complete dis-
tance d and Ny := NU{0}. Denote by P?(E), the family of probability
measures on (E, d) with finite p-th moment. We consider a conservative
Markov chain X= (Q, Xy, 0k, Fr, Foo, P2)zerp with state space (E,d).
Then the transition kernel P(z,dy) (or P,(dy) in short) of X defined
by P(z,dy) := P.(X; € dy), v € E satisfies

(P1) for each z € E, B(E) 5 A+ P(x,A) is a probability measure

on (E,B(E)).

(P2) for each A € B(E), E > x +— P(x,A) is B(F)-measurable.
Conversely, for P(xz,dy) satisfying (P1) and (P2), we can construct
a conservative Markov chain X such that P(x,dy) = P.(X; € dy),
r e E. Weset Pf(z) := [ f(y)P(x,dy) = E,[f(X1)] for any non-
negative or bounded B(F)-measurable function f on E. For n € N, if
we set P"f(z) := P(P" ' f)(x) inductively, then P"f(x) = E,[f(X,)]
and P"(z,A) = (P"14)(z) = P.(X, € A). For any non-negative
measure v on (E,B(F)) and n € N, we define a measure vP" by
vP"(A) :== (v, P"1y) = [, P"(z, A)v(dzx) = P,(X, € A), A € B(E).
Note that 0, P" = P, x € E.

We further assume the following condition to X:

(P3) for each z € E, P, € PY(E).

For p,v € PY(E), the L'-Wasserstein/Kantorovich-Rubinstein dis-
tance dy, (i, v) is defined by

dw, (i, v) := inf {/E Ed(ac, y)m(dzdy) | m € T(k, V)} ,

where [I(p,v) == {m € P(E X E) | m(Ax E) = u(A),n(F x B) =
v(B) for any A, B € B(E)}.

Definition 1.1 (Coarse Ricci Curvature, Ollivier(09)). For a pair of
distinct points z,y € E, the n-step coarse Ricci curvature k,(z,y) of
X along (zy) is defined to be

dw, (P, P™)

)Ty

, (xr,y) € Ex E\dia
(e 1) (z,y) \ diag

Rn(z,y) :=1—

Date: December 18.



and k, := inf{x,(z,y) | (z,y) € E x E \ diag} € [—00, 1] is said to be
the lower bound of the n-step coarse Ricci curvature. When n = 1, we
write k(z,y) (resp. k) instead of kq(z,y) (resp. K1).

Definition 1.2 (Vertical Geodesics). Let (Y, dy ) be a 2-uniformly con-
vex space. Take a geodesic  with a point py on it and another geodesic
v through py. We say that v is vertical to n at py (write v L,, 1 in
short) if for any x € y and y € 1, dy (z, po) < dy(x,y) holds.

(B) Let v and 7 be unit-speed minimal geodesic segments such that
« intersects ) at pp. Then v L, n imlies n L, 7.

Definition 1.3 (Convex Geometry, see Kendall(90)). Let (Y,dy) be
a geodesic space. For a ¢ > 1, (Y, dy) is said to satisfy conver geom-
etry with index ¢ ((CG)q in short) if there exists a symmetric convex
function ® on Y x Y with C' > 0 such that

(1.1) C7ldy (z,y) < D(x,y) < Cdi(2,y)
and diam(Y) < oo if ¢ > 1.

Definition 1.4 (Variance). Fix p > 1, p € P(FE), a metric space
(Y, dy), a non-negative symmetric function ® on E X E vanishing on
the diagonal and v € LP(E,Y;u). The p-variance Varfp(u) of u is
defined by

Varip(u) := inf /E(bp(u(x),y),u(dx)(g 00).

yey

The quasi p-vartance Var (u) is defined by

Var, (=5 [ [ 07t ute)utdoutdy) (< ).

We easily see Varfp(u) < QWi’p(u). When we consider the case
® = dy, we simply write Varf(u) (resp. \Ei(u)) instead of VarZ’p (u)
(resp. W;{:F(u)). When p = 2 with ® = dy, we write Var,(u) :=
Vari(u) and Var,(u) := V_ari(u), and call them simply variance, quasi

variance, respectively.

Definition 1.5 (Energy of Maps). Take m € P(FE) and let X be an
m-symmetric Markov chain and (Y,dy) is a metric space. For u €

L*(E,Y;m),
- /E / 42 (u(y), u(x)) P(z, dy)m(dz)

is said to be energy of u with respect to X.
2



2. MAIN RESULTS
In this section, we fix p > 1 and assume m € P(E) and supp[m| = E.

Theorem 2.1 (Non-linear Spectral Radius of P on LP(E,Y;m)/{const}).
Let X be an m-symmetric Markov chain on (E,d). Assume m € PP(E)
and Kk € R. Let (Y,dy) be a complete separable 2-uniformly convex
space satisfying (B) and (CG)q for some ¢ > 1. Then, we have

1

V. oP PZ L )
(2.1) h_m< sup M) <inf(1— )7 AL

=00 \ueLr(E,ysm) Varp, (u) neN
1
— P =
V Plu)\"
(2.2) lim sup w < inf (1 — /@n)% Al
t—oo \ueL?(EYsm) Var, (u) neN

Theorem 2.2 (Poincaré Inequality for L?-functions). Let X be an m-

symmetric Markov chain on (E,d) and H a real separable Hilbert space.
Assume m € P?(E) and x € R. Then, for f € L*(E, H;m)

- 1 £(f) . 1
(2.3) 1 71116112(1 Kn)n A1 < Varo () <1 +7112£1(1 Kn)™ A L.
Theorem 2.3 (Strong LP-Liouville Property). Let X be an m-symmetric
Markov chain on (E,d). Suppose that there ezists n € N such that
kn > 0. Assume m € PP(E) and k € R. Let (Y,dy) be a complete
separable 2-uniformly convex space satisfying (B) and (CG)q for some
q > 1. Suppose that u € LP(E,Y;m) satisfies Pu = u m-a.e. on E.
Then u is a constant map m-a.e.

Theorem 2.4 (Poincaré Inequality for L% -maps). Let X be an m-
symmetric Markov chain on (E,d). Suppose that there exists n € N
such that k, > 0. Assume m € P*(E) and k € R. Let (Y,dy) be a
complete separable 2-uniformly convex space satisfying (B) and (CG)q

for some q € [1,2]. Then fore €]0,1 — (1 — mn)q%[, there exists £g € N
depending on €, Ky, (E,d,m,X) and (Y,dy) such that
(1—-(1- Rn)‘%" —€)*Var,(u) < 8CYURE(u) wue L*(E,Y;m)

holds, where C' is the constant appeared in (CG)q. In particular, if
(Y,dy) is a complete separable CAT(0)-space, then

(1 — L _ A2
g E(u) > (1—(1=kKp)n A1l—¢)
weL?(E,y;m) Var, (u) 802

> 0.
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Large deviation principle of Freidlin-Wentzell type for pinned
diffusion measures

Yuzuru Inahama (Nagoya University)

Summary: T. Lyons 237 7 S ABaa %R L TOUR, 7 7 S AZEM LOMRBRNTH > E SR L 7%
DiEE % 5 < Ledoux, Qian, and Zhang [5] IC & B 777 =7 ¥ « 7 7/821C0§ % Schilder B A ffm 2 5B
TlEen 5 9 b, Lyons DEFMEERIC LD, FEERIIZOMRTIERICZZ2OT, TNLHEDSICH
HOBTRIZN T 2 Freidlin-Wentzell RRREREL TR 5, ZOEZFEZERL T, €V FHABBRICNT
% Freidlin-Wentzell FERRZREIRE 2V, L W) OBEFEEDT —<TH 2, BesovBI/ VL% A
N7 75 RZEED LT, quasisure BITAET T2 2 Ltk b, Bl aWEAREEDD LTI iEH
$5, (V7Y ¥ M Arxiv Math ICREEFEA [3))

For the canonical realization of d-dimensional Brownian motion (w;)o<i<1 and the vector fields V; :
R" — R" (1 < i < d) with sufficient regularity, let us consider the following Stratonovich-type stochastic
differential equation (SDE):

d
dy, = ZVZ(%) o dw, with yo =a € R".
i=1

For simplicity of explanation, no drift term is added, but modification is easy. The correspondence w — y
is called the It6 map and denoted by y = ®(w). It is well-known that the Ité map is not continuous as
a map from the Wiener space. Moreover, it is not continuous with respect to any Banach norm on the
Wiener space which preserves the structure of the Wiener space.

Now, introduce a small positive parameter € € (0,1] and consider

d
dy; = Z Vi(ys) o edw} with yj =a € R".
i=1

Formally, y* = ®(sw). The process (y; )o<t<1 takes its values in R™ and its law is a diffusion measure
associated with the starting point ¢ and the generator £L¢ = (£2/2) Zle V2.

A classic result of Freidlin and Wentzell states the laws of (y; )o<t<1 satisfies a large deviation principle
as ¢ \, 0. The proof was not so easy. If & were continuous, we could use contraction principle and the
proof would be immediate from Schilder’s large deviation principle for the laws of (ew)o<¢<1. However,
it cannot be made continuous in the framework of the usual stochastic analysis.

Ten years ago, Ledoux, Qian, and Zhang (2002) gave a new proof by means of rough path theory.
Roughly speaking, a rough path is a couple of a path itself and its iterated integrals. Lyons established
a theory of line integrals along rough paths and ordinary differential equation (ODE) driven by rough
paths. The It6 map in the rough path sense is deterministic and is sometimes called the Lyons-I1t6 map.
The most important result in the rough path theory could be Lyons’s continuity theorem (also known as
the universal limit theorem), which states that the Lyons-It6 map is continuous in the rough path setting.
Brownian motion (w;) admits a natural lift to a random rough path W, which is called Brownian rough
path. If we put W or eW into the Lyons-Ité map, then we obtain the solution of Storatonovich SDE
{yt) or (y5), respectively. Ledoux, Qian, and Zhang proved that the laws of éW satisfy a large deviation
principle of Schilder type with respect to the topology of the rough path space. Large deviation principle
of Freidlin-Wentzell type for the laws of (y§) is immediate from this, since the contraction principle can
be used in this framework. Since then many works on large deviation principle on rough path space have
been published.

There arises a natural question; can one obtain a similar result for pinned diffusion processes with this
method, too? More precisely, does the family of measures {Q% . }->0 satisfy a large deviation principle
as ¢ \, 07 Here, Q¢ ,, is the pinned diffusion measure associated with £°, which starts at a at time
t =0 and ends at o’ at time t = 1. Heuristically, Q¢ is the law of yi under the conditional probability
measure P( - [y = a’), where P stands for the Wiener measure.



The aim of this talk is to answer this question affirmatively under a certain mild ellipticity assumption
for the coefficient vector fields. Besides rough path theory, our main tool is quasi-sure analysis, which is
a sub-field of Malliavin calculus. It deals with objects such as Watanabe distributions (i.e., generalized
Wiener functionals) and capacities associated with Gaussian Sobolev spaces. Recall that motivation for
developing this theory was to analyse (the pullbacks of) pinned diffusion measures on the Wiener space.

Takanobu and Watanabe presented this kind of large deviation principle under a hypoellipticity as-
sumption for coefficient vector fields (Theorem 2.1, [6]). This result seems very general and nice, but
they gave no proof. Their tool are Malliavin calculus, and in particular, quasi-sure analysis. Recall that
rough path theory did not exist, then. Presumably, they computed Besov norm of the solution of SDE,
but details are unknown.

Since we use rough path theory, we will compute, not the output, but the input of the (Lyons-)Itd
map. Here, the input means (w;) itself and its iterated Storatonovich stochastic integrals. Hence, we
believe that our proof via rough paths is probably simpler. Extending our method to the hypoelliptic
case is an interesting and important future task.

Now we give a precise setting and state our main result. Let (w¢)o<t<1 be the canonical realization
of d-dimensional Brownian motion. We consider the following R"-valued Stratonovich-type SDE;

d
dy; = Z Vi(yi) o edwi + Vole, yi )dt with y; =a € R". (1)
=1
Here, € € {0,1] is a small parameter and V; € C°(R", R") for 1 < i < d and V5 € C<([0,1] x R*,R").
(A function is said to be of class C7* if it is a bounded, smooth function with bounded derivatives of all
order.) For each ¢, (y;) is a diffusion process with its generator

2 d
e __ € 2
E = ? E V; +‘/()(€, )
=1
We assume everywhere ellipticity:

(H1): For all a € R", the set of vectors {Vi{a),...,Vy(a)} linearly spans R".

Under this assumption, the heat kernel p$(a,a’) exists and positive for all a,a’ € R", t > 0 and ¢ > 0.
Hence, the pinned diffusion measure Qf ,, associated with L£° exists for any £ > 0, starting point a and
terminal point ¢’. This measure sits on

CZ;H([O, 1],R") = {z € C([0,1],R") | 29 = a, 1 = d’, and z is a-Holder continous }

for any a € (1/3,1/2). Heuristically, Q% ,, is the law of y5 under the conditional probability measure
P(-|y{ = a'), where P stands for the Wiener measure. (This argument can be made rigorous with
quasi-sure analysis, however.)

Let H be Cameron-Martin space for (w;). For h € H, we denote by ¢” = ¢°(h) be a unique solution

of the following ODE;

d
g} = Vi(e))dhi + Vo(0,60)dt  with ¢} = a. (2)
i=1
We set K¢ = {h € H | ¢°(h); = o'}, which is not empty under (H1).
Define a good rate function .J : CZ;,H([O, 1],R") — [0,c] by
[

2 2
J(y) = inf{ —“hQHH | h e K¥ withy = d)o(h)} — min{——2||H | he K&}

if y = ¢°(h) for some h € K** and define J(y) = oc if no such h € K9 exists.
Now we state our main result in this paper.



Theorem 1 Let 1/3 < a < 1/2 and assume (H1). The family {Q; , }eso of probability measures on
Ci;,H([O, 1], R%) satisfies a large deviation principle as ¢ N\, 0 with a good rate function J, that is, for
any Borel subset A C Csa_/H([O, 1,R"),

— inf J(y) < liminfe?log QS . (A) < limsupe?logQ: . (A) < — inf J(y).
yEeA° N0 ' e\0 ' yeA

Roughly speaking, our argument goes in the following way. (1) Brownian motion (w:) admits a lift,
not only almost surely, but aslo quasi-surely. See [1. 2, 4, 7].

(2) Let 8, (y5) = da(y°(1,a)) be the positive Watanabe distribution. By Sugita’s theorem, it is
actually a finite Borel measure on the Wiener space. We can think of its push-forward measure p° . of
8a:(y5) by the lift map. Notice that the pushforward measure of p< _, by the Lyons-Itd map is the pinned
diffusion measure in question.

(3) We prove large deviation for {u .} as e\, 0 on the geometric rough path space. (In fact, we need
to assume ellipticity only at the starting point a.) Three key facts in this part are as follows; (i) large
deviation estimate for capacities, not for measures, on geometric rough path space, (ii) integration by
parts formula in the sense of Malliavin calculus for Watanabe distributions, (iii) uniform non-degeneracy
of Malliavin covariance matrix for solutions of the shifted SDE.

References

[1] S. Aida, JFA (2011).

[2] Y. Inahama, IDAQP (2007).

[3] Y. Inahama, ArXiv Math; 1203.5177

[4] Y. Higuchi, Master thesis, Osaka U., (2006).

[5] M. Ledoux, Z. Qian, and T. Zhang, SPA (2002)
[6] S. Takanobu, S. Watanabe, (1993)

[7] S. Watanabe, Proc. Abel Sympo. (2007).



Stochastic Hamiltonian equation With Uniform
Motion Area

2 GRIEERE)

¥>0ZNRNTA=REUTHDOUTOMHERMD HREXE2E Z 5,

c@t_¢ﬁﬁﬁﬁ A
AP} = o(Q))dB, — v _1ft|Pm2dt—AVU(Q3)dt, (1)
(QS7PO>\> = (q07p0>‘
AL, ¢ € C°RL,R>) FHERT, oo F—HEMETHE LTS, T T,
(@J?eRdM%M%Mﬁ%@&%tﬁ%%%%?oﬁ%@ﬁ@ﬁvﬁz¢§%3
THALNE, Wb, K~ 3k 708 S I HNYRYEHEEFVEERI TS,
(1) BAIND=T VD H(q,p) =V1I+p>+AU(q) THANSLRIZEREL TV
RLEENMATZETIVEEZ DI ENTE S,
B : A — oo DB, RFIZE D WIS EE %2R H,
RT ¥yl Ue CPRRYER) IERDOEMLEEH T LTS
1. U BB TH B, b, H2EREEE L WMEEL, U) = h(|z)).

2. R ry > 11 >0 BFEEL, RBKD LD 1 U(z) = 0if |z| > 7, U(z) > 0 if
|z| <ry, and U(x) <0 if |z] € (11, 72).

3. 8 o € (0,r1/2 N (12 —11)/2) EBAB Kk € CP(RER) BFAEL. k|l <1
mox e A= |W(z])| = M(z)k(x). 22T, A:={x € Rd’H:U] —r] <
Ep Or |CL’| Z o — 50}.

4. W(ry) <0 THH, limg ., o h(( )) —00.

72, U(g) =075,
C([0,00); R?) & Cadlag ZBI#24k D(|0,00); RY) EDBE#EZ ZhZh

diss(an ) = 3227 (1A (o () = (),
disa (v, v9) 22 " 1 A (/0 lvi(t) — vz(t)|ndt)1/n>
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95,
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M1 & D, BT, A — 0o O (O V) 04 BIGRT 5 2 & BT E 5,
FEIZ, BIRD K S ITHEMIZINRT 5, LA L. 2O pu, %25 5B 3Tk
Wir?

PR ZBIHT 272012, £7 ue BEI WO IMEZHZITLEEZERALD, U N
Q| < ry TIRIERMEZELD, Q] € (r1,72) TIXARMEEINS DT, AR 3L
DIEDNEGITHNPS (1) |Qi] > 11, poo-almost surely, (2) |Q;] € (ry,72) Tl
Vil =1. —Fh. Q> ry DHIFATIE, U=0728DT (1) 1T N ITEKFELEW, Lo
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+AU(Q)),

1
V1= VAP

FIE 2 {(Q) V), H}) RN DA\ > 1} 1 (C([0, 00); R x D([0, 00); RY) x ([0, 00); R%) x
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R Tiog I[TIPURT 5,
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Markov chain approximations to
symmetric Markov processes on
ultrametric spaces

Kohei Suzuki
Kyoto University *

A metric space (F, p) is called an ultrametric space if a metric p satisfies the
strong triangle incquality:

p(x, z) < max{p(z,y), p(y, 2)}.

Many propertics of stochastic processes on ultrametric spaces have been
studicd by Evans-Aldous, Albeverio-Karwowski, Yasuda, Kancko, Kigami
and Bendikov-Grigor'yan-Pittet ct al.

In this talk, we consider the following Markov chain approximation prob-
lem on ultrametric spacces:

(Q) Given a symmetric jump Markov process X on an ultrametric space
E, under what conditions can we approximate X by a sequence of

continuous-time Markov chains X* on a discrete ultrametric space
E*?

The setting of (Q) is the following: Intuitively, ultrametirc space E can
be thought as the end points of a non-homogencous branching tree, and a
discrete ultrametric space E* can be thought as the end points of the cut tree
in the k-th level. Approximation mcans weak convergence in Dg[0, T, the
cadlag space on a finite time interval equipped with Skorokhod topology. X
is a Hunt processes on E associated with the following jump Dirichlet form:

Eu,v) = 5 /ExE\d(U(w) — u(y))(v(z) — v(y))J (z, y) u(dz)p(dy),

“E-mail: kohei0604@math.kyoto-u.ac.jp



where Dy stands for the functional space of a finite linear combinations of
indicator functions of spheres and d denotes the diagonal set.

In Theorem I, we obtain quite general sufficient conditions for (Q)
under the above sctting. Conscquently, we can show that many impor-
tant Markov processes on ultrametric spaces can be obtained by the limit
of Markov chains on discrete ultramctric spaces, for example, Albeverio-
Karwowski class in [1] (AK class) and conservative Kigami class in [4]. (Both
AK class and Kigami class are the class of Markov processes on the end
points of a non-homogencous branching tree, and Kigami class includes AK
class.) Moreover, we construct the class not included in Kigami class but
obtained by the limit of Markov chains (Example I). The remarkable point
in Theorem I is that approximating Markov chains X* can be obtained by
the darning process of X to EF. (Strictly spcaking, this is not the darning
process because we admit jumps between squeezed points, but the proce-
durc of making these processes is very similar to darning. In this talk, we
call thesc processes averaged processes.) Furthermore, in Theorem I, we
show that, under good conditions, approximating Markov chains X* can be
obtained by the projection of X to E¥. In other words, under good con-
ditions, the darning process coincides with the projected process. Since, in
general, Markov property does not preserve under the projection, it is quite
a characteristic property of ultrametric spaces.

We briefly mention a history of Markov chain approximations. When
X is Brownian motion in R%, the problem (Q) was answered as well-known
thcorem, Donsker’s invariance theorem. In general, when X is a diffusion on
RY, this problem (Q) was studiced in the book of Stroock-Varadhan [5, Chap-
ter 11] and Stroock-Zheng [6]. On the other hand, when X is a symmetric
jump process on a metric space, (Q) was studied by Chen-Kim-Kumagai [3].
In these contexts, we study the problem (Q) when X is a symmetric jump
process on a ultrametric space and obtain above results. We remark that,
when a state space has a group structure such as local fields and X is a
semi-stable process, Yasuda had the invariance theorem in [7] and gave the
answer to (Q). However, in this talk, we do not assume any group structure
on a state space. Hence, the way of approximation is different and the range
of application is large.
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A variational representation for G-Brownian functionals
KHHE B
RALRYE KPR EM R B2 4
(e-mail: sa9m06@math.tohoku.ac.jp)

S. Peng IC X D EA TNz G-Brown HENC DWW TERT 3.

de NEZEZEL, Q= C([0,1;RY) % [0,1] LD RMEEFEE w Two =0%5%5E0D%
hed5. iz, R 2K dx d175IRkL L, © & R DEX SN THRVEREE
&&9 5. G-Brown EENIDHICAHEEMEEZ ED Brown BB THB L RETTIENTE,
ZORHEERZ O ICX> TREOF 5N 3. S. Peng [3, 4] 1§ Wiener EFAUDFIEIC K -
T, Q D% B %2 G-Brown #Ej L T 22 ZME L. BANICIEUTOX > TH%:
vy € OIHL, v* & v DIEITY, D? = ((%?—;ﬂ)?’j:l % Hessian £9° 5. [0,1] x R¢ LD
E18 S YT hay

ou 1 I B
E-j\ég{gtr[nyu]}—O (1)

DR Z VTR ENEARRITH R 0 Ok Zz Q ORRINBEED 555K H O ki
B L, FE8RZ Kolmogolov DEHIC LD (O H) LO—BALREHFEE #18%. FL
TLEQ) Z/IVLE] || OFTO HOEMBILE L, E % LL(Q) LOBREIRREN L i
TS, COXIKLTHRKENEZ=H (Q,LL(Q),E) & G-fHEZMEEN, TOTFT
QO OFZUEEFE B 13 G-Brown E#j L% 5.

HE 1 JERIERTRER (1) &

oo = inf inf z-yy*z >0
YEO geRr?
lz|=1

D& E—RTHMEZED.
G-HFEZER (Q, L5(Q), E) IcF1F 2 HRCHARHE E 1 G-EIfFEL IR, HiptE
E[X + Y] <E[X]+E[Y], X,Y €LL(Q)

ZLOMRETSHS. —MRIC, HREIATHAIARZ 2 BFRFED LR (upper expectation) &
LTEENSZHHONTED, Denis—Hu—Peng‘[l] IZ& D G-HARHEIC RS 2 B
upper expectation R "nMNGZ 5Nz P 22BN A2 LICERENERNELE L,
W ={W, =W} ...,WhH*t >0} % P D RTOIZHE Brown EBI 2 5. F£72, {Filiso
% Brown EEBINSERENSE T4 )V L—2 a3 ed 3. [0,1] LD o {F }-REATTHRI
WREEERZ AS, EBE, 0 AF ITHL, EA P %

&QU:PQA@mmeA),AeBm)
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LEHDE, COLE LED X € L5(Q) IEHL

E[X] = sup Ep,[X]
6eAS,

MWD ILD. T D upper expectation ZRICEHEL, B&

c(A) = sup Py(A), AeB(Q)
0 Af
NEHZINS. ¢(N)=0%2%E N c B(Q) ZMEMT, H2FES/BOIMITKIIT S
& &, quasi-surely (q.s.) ICBRIZLT B &V,
BT, 00>0 EIRETS. TOLEROEHEBRMEKD TD.

EE 2. FED qs. ICARE fe LL(Q) T,

log E [ef(B)] = supE {f <B+/O‘ d(B)shs) —-;-/1 hy - (d(B)Shs)] .

L, (B) = ((B', BY))¢,_, & G-Brown E#O=RES, h = (h',...,h%)* i d-KIT
2, 8L (B) T 58S

d

td(B)shs = i th@d(Bl,Bi>s,...,Z th@d(Bd,Bi>s *,
0 ; : 0

=1
t
/hs Z/ hihl d(B' B,
0 i,7=1

wHEzL, FIRIZTNEDEDD well-defined %375 AD LETE2EDLT 3.

CDEDFRRDEFN—2 3 2D 1 DIZ, G-Brown EHFITH T 2 KIFEFENHS. G-
AT IRZR ORI BV TR ARREFRBRIRDO L S ICERLEND: X ZR—F 2 FZE
M, F 2 X LD o-INiEHRE U, {X }eso &2 X-EHERZEHDOEE TS, 1: X — [0,00] Z&
R, $74b5, &M 201K Ulevel set {xr e X : I[(z) S M}CcXW@Eayrred
5. AFED Ae FlTxl

— inf I(z) <liminfeloge(X® € A) < limsupeloge(X©® € A) < — inf I(z) (2)
TE€A° e—0 e—0 TEA

MDD EE, { X s FEEHEZ [ LT X LTREEFERMZAIZTEWVS.
L, A° L ARZNTN AORSLaRET. BE OMEBITICE T 2156 LA, G-
HARFHEZE R OHAAICBNTE, KREFRE L Laplace REIIFMETH R HNNZS. T
BB, (X} DARERIE (2) ZH 1T OOKREHHEMR, EEOE R EFRK
& X 5 RIIHL

lim < log B [exp (q’ (fe))} ~ sup {&(x) - I(z)}

reX
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MDD T ETHB. MEREMODE {X}eno D G-Brown EEIOFBMTEE TS L
&, Laplace [REOQOBHICH L TEM 2 ZISHT 2 N TES. HIZIFLLTD Laplace &
WEBHT ST EATES: X = C([0,1:RY) LT 5. £7. Y = C([0,1): R=4) % [0.1]
D RAMEEFRS y Ty (0) =07%3LDLkET 3.

1
H:= {ZE € X : x (3HExHERT, HhD / |2 (t)|? dt < oo} ,
0
Ai={y el y B3HIER, D ae te0,1] 1L y(t) € {y7*: v € ©}}

LB REL &, 9, TNENEEIE do/dt, dy/dt Z#ERT. EEBEIT: X — [0,00] &
J: X XY —[0,00] ZERTEET 3.

N
reHDELE I(I)—EA $2g|7 x(t)|” dt,
1
(e,9) €Hx A DL ¥ Hew) =5 [ o) (G0 i) d,
0

ZNLSDGE, [(z) = J(z,y) = +oo.

R 3. {\eB}eso &, MEMMAE I L LT X LT Laplace A R=T. F7,
{(VeB,(B))}eso FHEEREZ J £ LT X x Y ET Laplace BHEZ #7127

il 3 ZB LT {VeB}eso, {(VEB, (B))}eso KT 2 ANREFEEMESLNS. ThHD
FRICH S B RIRZEIRERIE, 4V T FMcid Gao-Jiang [2] I &k > TEEBOABIOFERAWVT
Ez56NTz. EH 2 3O OBROBFIARSZ 5.
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AR GR & HLEORREABE Y 5N 5 - HRERBEIEZ LI -
Eith % (BEZRENRY)

AR, RARIBEEGRIC B 2 RIS U THHEGEREZ AUV 2 HENED ANS TNTV S,
AHBETIE, FC. EBBEICHT 27 To—FIc DT Lz, REBEILITD6 DDES
varshbixb,

1. holomorphic diffusions &% & H#

. foliated manifolds, laminations.

harmonic measures and diffusions on foliated manifolds.
applications 1 -nonsingular cases-.

singular cases.

6. applications 2.

1Tk, &7, EREMGHICES LIZIEBRE L LTHISN TV S IEAIMLEGRTE (holomorphic
diffusion) DEEZ R, SN TWARERZBET S5, Kt7 a3 Y ORBICOWTIIMEE THE)
KHZETEROMRR ) ICHELVDT, ZE52IEICKD L XN,

2 TREBEEZFRDBZRAKICDVTZEDER L EARBHICDOVWTAENS, ABETIE. FEA
ZF§72750 foliated manifold % (M, L) LB T &ILT 5. REAZFOHERICDOVTIE 5 i
TR%, M 7 ambient space %, L D (leaf) DEMAEERT, FREAER AV E, MidZav
NI RET B,

3 Tld Lucy Garnett[19] D#E A L7z harmonic measure & X539 2HLECEE DOV TiENS, T TT
E 9 harmonic measure &3, BASGERICIIN S T 2 RIRT 2 HIE., PREERRfIlE L 13855, &
HBEICBVTOLHMEEST ARV DERZEUE0E LNVEWLD, EEEEDOHIEDORTIEY
TICHL SN/ THEDTEDEEHNS T LI T %, harmonic measure I leafwise Laplacian
EEBRIERHZ L THHEEHOIRERETH S, M H3237 Fablid, harmonic measure 133
LTS %, Gamett R OREZAVTEEOHGHIMEZRKLS &L Lz, ZD%. EBEED
MRV THRECANONS K 217D, RS, E.Ghys i, ThzfuvTR4OREZEN T
% ([21]). leafwise Laplacian &3, FHEIIR> TRICEG X 6NV —< VEIEICHIET % Laplacian
ELTIEATALDTH S, TNICHIGL THLEHEMMNFET SH, ThEEELTEY—<
FHRISHIST 5T 77 VEBORYEE L —E(T 5 (Candel[3])e TDTTU VEEIODI L& leafwise
Brownian motion &FEST LIC9 AN, G L. THICBET S M LTIV d— FEEHSEARY
THEEMEB LS, F77. leafwise holomorphic diffusion LK TE DT L FET 5,

4 T, leafwise Brownian motion % Uz ZHIBEEGHICREE T 22 DOW K DR R 5,
Liouville property( Kaimanovich[24], Fenley, Feres and Parwani[12], Feres and Zeghib[13]),
Transversal invariance of harmonic measures(Deroin and Kleptsyn[8], S.Matsumoto[27]),
Unique ergodicity(Deroin and Kleptsyn[8], Fornaes and Sibony[15]),

Ends of leaves (Ghys|[21]),
Minimal sets and Levi-flat surfaces(Deroin and Dupont[9]).

T TTE ? Liouville property &ld, 20 DEMDH 5, UL DIEED Liouville 2 iEH
330DTH5, kbbb, V- VEOHMED L S IC, BE L TIEEHOERFAMBEENELAT
BME I N ZEMT Do Kaimanovich & covering manifolds D & & EFEREICT Y bu¥—2HW\
Tifam L7z, 7, REETHRNT, M LTREGGERZEZ S HB. TDXS LK
% continuous leafwise harmonic function &PFERZ 2129 %, TNONERUNFAEEINEZNE S
Whei@Eimd 58D H5 (Fenley, Feres and Parwani)e TN HICEE#ETZEDE LT, BRI
(leafwise Brownian motion DFlt) Zi&iwd 2L DL H S (Brunella[2], Nishino, Yamaguchi[31]).

5 TRRARRDZOEBMERZEA 2, HRERBHE - FAIRBBERZEA 2 L&, KEANEN
BHENZ, [>T, BREEGNICIFRRDEOERBEIELZEZ 5DIIEATHS, HAN
EZBDERDEI RN TH 2, N ZERBHMAEE L, M C N DRERIT LT B, (M, L)W
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complex foliation T, M = N. N\ M DERRODESTH S, 1z xE. N =P"(C) T. EEHE
BHEART MUBICE->TEZ N2 L EIR, TDXIHKRTH S, BIRTIE, RENERIUT
1DEE, TabBY—SVADLENFILERIN TV, CORFREXRTEZEINHLED
HEMAFINSD, 1 TOBETLEL DOREREENH 5. < DFE L FIHA L7z non-singular
TEFERAULI TENZIABL T3 LNTE, BERNEEVEITREVHIEEZILNS,

6 TN TORBTIGH & LT leafwise meromorphic function DE7AICEE T 2 FEH DR
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Application of the lace expansion to the ¢! model
Akira Sakail

Department of Mathematics
Hokkaido University

The ¢* model is a standard model in scaler field theory. It is defined as the Gaussian
free field combined with quartic self-interaction. Let A C Z? and define the Hamiltonian
for the spin configuration ¢ = {¢, }zea as

— D Sunbupo+ Y ( '%)

{u,v}CA veEA

where ;1 € R plays the role of the temperature, while the intensity A of self-interaction
is fixed nonnegative. We assume that the spin-spin coupling _#, , is ferromagnetic (i.e.,
Fuw > 0), translation-invariant (i.e., Z., = Fop_u), Zsymmetric and finite-range.
For example, the nearest-neighbor coupling _Z,, = J),1 satisfies all those properties. Let

(onpn), = tim Jr oo O Ly
<p0(10$ ATZd fRA e—ﬂA( )dA

It is known to exhibit a phase transition and critical behavior: there is a 1. = pc(d, #Z,\),
which is not larger than the critical point / = erzd Hox for the Gaussian free field,
such that x, = > ;4{@os), is finite if and only if p > p. and diverges as p | juc [7].
There were intensive researches in the 1980’s when Aizenman [1] and Frohlich [2] succeeded
in showing mean-field behavior (e.g., x,, is bounded above and below by a positive multiple
of (u—pe)~t as pd pe) above 4 dimensions under the assumption of reflection-positivity.
The nearest-neighbor model satisfies this assumption. In 4 dimensions, Gawedzki and
Kupiainen [4] and Hara and Tasaki [5, 6] succeeded in showing the mean-field behavior
(with log corrections) for the weakly coupled nearest-neighbor model using a rigorous
renormalization-group method.

The sufficient condition for the mean-field behavior that Aizenman suggested in [1] is

the bubble condition
Z<90090x>ic < 00.

zeZ4

For reflection-positive models, the Fourier transform of (¢,¢,), is known to obey the
Gaussian infrared bound [3]

0< Z eF T (0op2), < O(|k]72)  uniformly in p > pe,
x€Z4

which implies that the bubble condition holds for d > 4, hence the mean-field behavior.
Although the result is satisfactory, it is often hard to verify the assumption of reflection-
positivity.

The goal of my research is to investigate asymptotic behavior of the critical two-
point function (p,¢.),. above the upper-critical dimension, without the assumption of
reflection-positivity. In [9], we prove the following:

http://www.math.sci.hokudai.ac.jp/ sakai/



Theorem 1. Let p=2(d—4) >0 and 0 < A < 1 (depending on d and Z ). Then there
is a @,(z) = (©2) 000 + ON) (|| vV 1)7 @240 where O(N) is uniform in p > pe, such
that

AL Ir(42)m/?
:UC = / - _dj c? <30090x> N 2 2
2 " M Jaltoo 32 ez [WI2(Foy — 3P0 ()

The key elements for the proof of the above theorem are the following:

|$|2—d'

1. The Griffiths-Simon construction [10] to approximate the ¢* model on A to some

Ising model on A x {1,2,..., N}.

2. The lace expansion for the Ising two-point function [8].

3. Detail estimates on the expansion coefficients in terms of N [9].

yiel

These steps yield a linearized version of the Schwinger-Dyson equation, which further
ds the aforementioned asymptotic expression for (¢,¢y) .-
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Criticality of ergodic type HJB equations and
stochastic ergodic control

Naoyuki Ichihara (Hiroshima University)*
e (AR - 1)

This talk is concerned with the minimizing problem with real parameter (3
e . 1 T 1 * 13 2 '3
Minimize Jz(§) := limsup TE {Ea (X&) — BV(X; )} dt|,
T—00 0

t
subject to Xf =x— / Esds + W, t >0,
0

where W = (W,) is an N-dimensional standard Brownian motion defined on some
filtered probability space (Q, F, P; (F;)), and € = (&) stands for an R¥-valued (F;)-

progressively measurable process belonging to the admissible class A defined by
A= {€:]0,00) x Q — RN | ess-supp gyxq & < oo for all T > 0}

Furthermore, we assume that a*(x) and V(z) satisfy the following conditions:
(H1) a* € C3RY) and k < a* < k! in RY for some x > 0.
(H2) V e C3(RY) and V(x) — 0 as |x| — oo.
In this talk we discuss some qualitative properties, in terms of parameter [,
of the optimal value A(B) := infecq J3(§) and the associated optimal control (i.e.,

& € Awith A(G) = Js(£*)). For this purpose, it is crucial to study the following
ergodic type Hamilton-Jacobi-Bellman (HJB) equation:

A — %Aqb + %a(w)|D¢|2 +BV(r)=0 in RY  ¢(0)=0, (EP)

where a(z) := 1/a*(z). The constraint ¢(0) = 0 is imposed to avoid the ambiguity
of additive constants with respect to ¢. We seek for a pair (A, ¢) € R x C?*(RY)
which satisfies (EP).

Theorem 1. Let (H1) and (H2) hold. Then, for each 8 € R, there exists a real
constant \* = A\*(3) such that (EP) has a solution ¢ € C?*(RY) if and only if A < \*.

*Email: naoyuki@hiroshima-u.ac.jp. Supported in part by JSPS KAKENHI Grant Number
24740089.



It turns out that A*(/3) in Theorem 1 coincides with A(().
Theorem 2. Let (H1) and (H2) hold. Then, A(3) = A*(3) for all 5 € R.

In view of Theorem 2, our study is reduced to that of nonlinear equation (EP).
In what follows, we call the constant \*(3) generalized principal eigenvalue of (EP).

The next theorem gives some qualitative properties of A*(/3) with respect to 3.

Theorem 3. Let (H1) and (H2) hold. Let A*(/3) be the generalized principal eigen-
value of (EP).

(i) The mapping [ +— A*((3) is non-positive, non-increasing, and concave.

(ii)) There exists a 3. > 0 such that \*(5) = 0 for 8 < . and \*(3) < 0 for 8 > 3.
(iii) B.=0for N <2and §.> 0 for N > 3.

Let ¢ € C*(RY) be a solution of (EP) with A = A\*(), which can be regarded as
the “ground state” of (EP).

Theorem 4. Let (H1) and (H2) hold. Let (. be the constant in Theorem 3.
(i) For any (8 > [, there exists at most one solution ¢ of (EP) with A = A*(().
(ii)) Suppose that 3 > (.. Then, there exists a C' > 0 such that the solution ¢
satisfies

C7la| —C < ¢(x) <C(1+|z]), zeRY,

(iii) Suppose that § = (.. Then, there exists a C' > 0 such that the solution ¢

satisfies
CMog(1+ |z]) — C < é(z) < Clog(1 + |z|) +C, xRV,

Theorem 4 plays a key role in constructing an optimal control for our minimizing
problem. More precisely, let ¢ = ¢(z) be a solution of (EP) with A = A*(3), and let
X = (X}) be the feedback diffusion governed by the stochastic differential equation

dXt = —G<Xt)D¢<Xt) dt + th, XO = . (1)
Then, the following holds.

Theorem 5. Let (H1) and (H2) hold. Let X be the diffusion governed by (1) and
set & = a(X;)Do(Xy). Then, N*(B) = Js(&*) for all B, namely, £* is an optimal
control. Furthermore, let (3. be the constant in Theorem 3. Then, one has the
following recurrence-transience properties for X.

(a) X is transient for any 8 < f,.

(b) X is positive recurrent for any 5 > f..

(c) X is recurrent for 3 = 3, provided that |z|*V(z) — 0 as |z| — oo.
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Some regularity results for a certain class of de Rham’s

functional equations

7 UTOMMABERAYEL2. pe (0,1) £T5.

fay {0 0<z<1/2
1-p)fQRx—-1)+p 1/2<z<1.

Z#u3 de Rham DEEABRO—FITH 2 ([1]). w, %, B f 20MHEKE T3 (0,1) LORESKH
Brd2. ZoHER [0,1)% {0,1}Y tA—RT 3L, Bernoulli FIEIC 2> T\ 3.

s(p) = —plogap— (1 —p)log,(1 —p), p € [0,1] £F 5. dimy(E) T E ® Hausdorff XTu% %
T. ZOEEUTHRILT S (cf. [2], p172).
Fact. (1) p, 1, p=1/2 T Lebesgue HIEIC DV THENEHE, p # 1/2 THRE.
(2) & % Borel £& K, 122V T, p,(Kp) =122 dimg (K,) < s(p).
(3) dimpy (K) < s(p) &% 2EED Borel #& K IZN L, p,(K) = 0.

Rz, SV —ROBEZEZ 5.

fla) = {Fo(f(Q:r)) 0<r<1)2

s (1)
1(f(2r—-1)) 1/2<x<1.

L, Fio[0,1] = [0,1], 1 = 0,1, 3RFHARALMNERT, 0 = Fy(0) < Fy(1) = F1(0) <
Fil)=1t3%. 2otz HRRA (1) 3—BaEREzZ b ([1)).

TITIE, F =01, B8N ROBEROBELEZ S, BEMNICIE, Fi(r) = &(Ai;2),
Z) LzeRIZNL, ®(4;2) = aztb

a

c ez +d

ref0,1,i=0,1ThH53. 7’:7‘5L,2x2%ﬁ?ﬂA—<

THY, A= (a" Zi),i:O,l BT DM (A1)-(A3) &7 T LT3 .
&) i

(10+b0 b1 ay +b1
( ) 0 co + dg dy c1+dy
(A2) a;d; — bic; > 0,:=0,1.

(AB) (aidi - bici)l/Q < min{di,c,- + di}, 1=0,1.

* Graduate School of Mathematical Sciences, The University of Tokyo, Komaba 3-8-1, Meguro-ku, Tokyo
153-8914, Japan e-mail : kazukio@ms.u-tokyo.ac.jp
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1254 ’2 f %5}7&355&&‘9‘5 [0,1) t@ﬁ@%‘(ﬁ"@fk?‘é a = min{O,Cg/(do — ag),cl/bl},
B =max{0,co/(do — ag), c1/b1}, ¥ = 1/®(Ao; 1), po(x) = (x +1)/(z +7) £&X.

Theorem 1. (1) & % Borel 86 Ko 22w T, pr(Ky) = 1 » 2 dimyg(Ky) <

max{s(po(y)):y € [o, 5]}
(2) dimp (K) < min{s(po(y));y € o, 8]} &% BEED Borel & K 1IN L, pp(K) = 0.

Theorem 2. (1) () (co + do — 2a9)(dy — ag) = agco, (i) (a1 — 2¢1)(dy — 2b1) = byey D3FEIC
FRSZY IS, py(de) = (14 2¢)/(—2cox + 1 + 2cp)3da. & T puy i .

(2) (i) BARAL, 7213, (i1) BARILE 51X, $ 2 Borel 8 K iI220T, pp(K,) =12
dimp (K1) < 1. &2y R,

COEHMOREIE, py BHTLL {0, 1} = [0,1) LOEMNETRCZETHS. —FH, pp
0 1-
E%MEK&%:&%%%.AO—(g]>,Ap:((f)f)pe(un,@&ﬁmﬁﬁ%ﬁ%

LT, BB R Fact 3689 .
Xo(x) % 2 € [0.1) 0 2 EEBIO NI n e Lc, [P (@)

ra(z)  sp(x

) =Ax,(2)Ax, @) &
B AHADEAL ¥ M r,(2)/s,(z) DBITTH 3.

BRI, de Rham DA BR L EFAEOEL Y 28~ 3.

GZH¥BLL, p 220 LOMRAEL T2, G BAAHEZEM M ICERLTW2 LT 5. BAMIC
i3, (g,2) € GXM 55 g € M ~NDERT, (1) (g192) ¢ = g1-(92-2), 91,92 € G,w € M. (2) £
BDgeGitLl,z—g-ah M EAHIER 2477085260 T05ET5. M LD
R v 23 p-EHBETH 5 &3, £BD B e B(M) KL, v(B) = [, [,, 15(g- x)v(dr)u(dg)
THBIEETEH. MBav,Ry EEMZERZ O p-ERNESEET 2 ([3)).

b
G = {(“ d) € M(2R):ad > be,b>0,d>0,0<a+b<c+dp. M =[0,1] £8L. G
C

DMANDIER%Z A-2=8(A;2) TEBET 3. (Ag, A1) 13 (A1)-(A3) AT LT 5. G LHER
W p %, p({Ao}) = p({A1}) =1/2TH2bDET3. ZOLE, p-EBEAEICOHLT, LT
5 ACN

Theorem 3. %&ff (¢), (i) % Theorem 2DBDETE. v % p-EHAELTS. COLE, vid
—HICEED,

(1) v BHBEETH S 2 & L (3), (i1) BICRILT 5 = & IEFE.

(2) v BB THB T L &, (i) BFRILE M (i) BRRITH B = & 1A,

Ziid Theorem 2 2 VTR EN 5.
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The Clark-Ocone formula is an explicit stochastic integral representation for random variables in terms
of Malliavin derivatives that turns to be central in the application to mathematical finance. On the other
hand, a Stroock formula is an explicit representation for chaos expansion by using Malliavin derivative.
In this talk, we introduce a Clark-Ocone type formula under change of measure for Lévy processes with
L2-Lévy measure ([6]). As an application of the theorem, we are also preparing a paper concerning the local
risk minimization problem ([1]). We also introduce a Stroock type formula for LZ—Lévy functionals ([5]).

Throughout this talk, we consider Malliavin calculus for Lévy processes, based on, [4] and [2]. Let
X = {Xi;t € [0, T]} be a centered square integrable Lévy process with representation

top
X = oW, +/ / zN(ds, dz)
0 JR,

on a complete probability space (Q, F,IP; {F }c(o 1), where {Fi},c (o 1) is the augmented filtration gener-
ated by X and ¢ is a constant number. Furthermore, we assume that {W;; t € [0, T]} is a standard Brownian
motion and that N is a Poisson random measure independent of W defined by

N(At) =) 14(AX,), A € B(Ro), AXs := Xs — X,

s<t

where Ry := R\ {0}. In addition, we will denote by N(dt,dz) = N(dt,dz) — v(dz)dt the compensated
Poisson random measure, where dtv(dz) = A(dt)v(dz) is the compensator of N, v(+) the Lévy measure of X
and A the Lebesgue measure on R. Since X is square integrable, the Lévy measure satisfies f]Ro Z2v(dz) < co.

Now we consider a finite measure g defined on [0, T| x R by

g(E) =02 [ dts(dz) + / 2dtv(dz), E € B([0,T] xR),
E(0) E

where E(0) = {(t,0) € [0,T] X R;(t,0) € E} and E’ = E — E(0), and the random measure Q on [0, T] x R
by

Q(E) = U/E(O) AW,o(dz) + /E 2N(dt,dz), E e B([0,T] x R).

Let L7 o (R) denote a set of product measurable, deterministic functions f : ([0, T] x R)" — R satisfying

2 . o 2 e
135, 7= o g (B 200 oz Pt dzn) gt z0) < o

Forn € N and f, € LZT,M(]R), a multiple two-parameter integral with respect to the random measure Q

can be defined as
In(fn) = /([O,T]x]R)" fn((tlzzl)/' o, (tn,zn))Q(dty, dzy) - - - Q(dty, dzy).

In this setting, we introduce the following chaos expansion (see Theorem 2 in [3], Section 2 of [4]).

*Department of Mathematics, Keio University, 3-14-1 Hiyoshi Kohoku-ku, Yokohama, 223-8522, Japan, reicesium@gmail.com



Proposition 1 Any F-measurable square integrable random variable F has a unique representation
F=)Y I(fs),P-as.
n=0
with functions f, € L2 ) ,(R) that are symmetric in the n pairs (t;,z;),1 < i < n and we have the isometry
E[F?] = ) nlllfallZ;
n=0 T4
We next define the follows:

Definition 1 1.

2. Let D*?(R),k > 1 denote the set of F -measurable random variables F € L2(IP) with the representation
F =Y o In(hy) satisfying

Z nn—1)---(n—k+1)n!fhy, || <o

3. For F € D*?(R),k > 1, we define the k-th Malliavin derivative as follows:

Df ot E= Y n(n—=1) - (n—k+1)L_(ha((t1,z1), -+, (b, 26), ),
n=k
(t,zx) € [0, T] X R, k > 1.

Now, we assume the following.

Assumption 1 Let 0(s,x) < 1,5 € [0,T],x € Ry and u(s),s € [0, T|, be predictable processes such that
T
/ / {|log(1 — 8(s,x))| + 62(s, x) }v(dx)ds < oo, as.,
0 JRy
T
/ u?(s)ds < oo, as.
0

Moreover we denote
Z(t) = exp <— /Ot (s)dW(s) — / 2ds+/ ]Rolog (1—6(s,x))N(ds,dx)
n /Ot /]Ro(log(l — (s, %)) + 6(5,x))v(dx)ds> e [0,T].

Define a measure Q on Fr by
dQ(w) = Z(w, T)dP(w),
and we assume that Z(T) satisfies the Novikov condition. Furthermore we denote

Ng(dt,dx) := 0(t, x)v(dx)dt + N(dt, dx)

and
dWq(t) := u(t)dt + dW(t).

We next introduce a Clark-Ocone type formula under change of measure for Lévy processes.



Theorem 1 Let F € DV2(R). Then, under Assumption 1 with some conditions, we have
T
F = EolF]+ a/ Eq [Dt,op — FK(t) ‘]—"t_] dWo (1)
0

+/ / Eq[F(H(t,2) — 1) + zH(t, 2) Dy .F| Fi_ | No (dt, dz),

where,
H(t,z) = exp (—/OTth,Zu( s)dWq(s) 2/ (zDy ou(s
—i—/ / {Zth x) + log (1 - zm) (1- G(S,x))] v(dx)ds
+/0 /JRo NQ(ds,dx)) ,
and

/Dtou )AW (s +/ | D“)G Q(ds,dx).
. R, 1

Finaly, we introduce a Stroock type formula for L?-Levy functionals.

Theorem 2 Let F € N D¥?(R). Then, we have

F=E[F] + illn(fn),

where,
E[DF F]
fk((tlrzl)/ ttty (tk,Zk)) = %
forallk > 1.
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Tunneling for spatially cut-off P(¢).-Hamiltonians

Shigeki Aida
Tohoku University

Let —L be the second quantization operator of vm?2 — A, where m is a positive number.
Let A = 1/h be a large positive parameter. Let us consider an interaction potential function V)
which is given by a Wick polynomial

w(z)
W(w) = )\/ : P (——) : g{x)de, (1)
R VA
where g is a non-negative smooth function with compact support and P(x) = ifl arx® is

a polynomial bounded from below. The operator —L + V), is called a spatially cut-off P(¢)s-
Hamiltonian. Formally, —L + V) is unitarily equivalent to the infinite dimensional Schrédinger
operator:

—Apg) + AU (w/VA) — %tr(’m2 -~ A2 on LA(LA(R), dw) (2)

where dw is an infinite dimensional Lebesgue measure. The function U is a potential function
such that

Utw) =5 [ wards + [ (Buie: P o) ) da

and Aj2g) denotes the “Laplacian”on L?(R, dz). Hence, by the analogy of Schrédinger operators
in finite dimensions, it is natural to expect that asymptotic behavior of lowlying eigenvalues of
—L + V) in the semiclassical limit A — oo is related with the properties of global minimum
points of U. In view of this, we consider the following assumptions.

Assumption 1. Let P be the polynomial in (1) and U be the function on H! which is given

1 2
U(h) = Z/ W (x)dx +/ <-Z—h(;lf)2 + P(h(L))g(m)) dx for h € HL. (3)
R R
(A1) The function U is non-negative and the zero point set
Z:={he H' |U(h) =0} ={h1,..., hn} (4)

is a finite set.
(A2) For all 1 < i < n, the Hessian V2U(h;) is non-degenerate. That is, there exists §; > 0 for
each ¢ such that

2
V2U (hi)(h, h) == %/Rh’(m)der—k/R(mTh(:E)Q—{-P”(hi(x))g(w)h(a;)Q) da
> 6illhl72@ ~ for all h € H'(R). (5)

(A3) For all z, P(z) = P(—x) and Z = {hg, —hg}, where hg # 0.



Let E1(A) be the lowest eigenvalue of —L + V). The first main result is as follows.
Theorem 2. Assume that (Al) and (A2) hold. Let Eqy(A) = info(—L + V)). Then

/\li_)ngo E (M) = 1r§nz'i£n E;, (6)
where
E;=info(-L+ Q) (7)
and @; is given by
Qufw) = 5 [ s wle? s P (hu(e)g(e)de ©

Remark 3. In the case of finite dimensional Schrédinger operators, there exist eigenvalues near
the approximate eigenvalues E; when A is large. In Theorem 2, if E; < m + minj<;<n Ej, then
the same results hold by the result of Hoegh-Krohn and Simon (J.Funct.Anal. Vol.9, 1972).
However, if it is not the case, it is not clear and they may be embedded eigenvalues in the
essential spectrum. Under the assumptions in Theorem 5, Ea(A) is an eigenvalue for large A.
Simon(Proc. Amer.Math.Soc. Vol.35, 1972) gave an example of P(¢)2-Hamiltonian for which an
embedded eigenvalue exists.

Let
Es(AN) =inf{o(—L + V))\{E1(N)}}.
We can prove that Ea(A) — E1(A) is exponentially small when U is a symmetric double well

potential function. The exponential decay rate is given by the Agmon distance which is defined
below.

Definition 4. Let 0 < T < oo and h,k € HYR). Let ACrpx(H'(R)) be the set of all
absolutely continuous paths ¢ : [0,7] — H!(R) satisfying ¢(0) = h,c(T) = k. Let U be the
potential function in (3). Assume U is non-negative. We define the Agmon distance between
h,k by

dp(h. k) = inf {€y(c) | ¢ € ACTpp(H'(R))} . (9)
where -
i) = | VI @)t (10)
The following estimate is the second main result.
Theorem 5. Assume that U satisfies (Al),(A2),(A3). Then it holds that

msup (2 (E2) = B1()
A—>»00 A

< —dj(ho, —ho). (11)

Remark 6. (1) Agmon distance can be extended to a continuous distance function on H?(R).
Moreover the topology defined by the Agmon distance coincides with the one defined by the
Sobolev norm of HY/%(R).

(2) We can prove the existence of minimal geodesic between hy and —hg with respect to the
Agmon metric. The uniqueness of the geodesics is not clear at the moment.

(3) The Agmon distance d‘f}g (ho, —hg) is equal to an Euclidean action integral of an instan-
ton solution. This is an infinite dimensional example corresponding to the result of instanton
in the case of Schrodinger operator which is due to Carmona and Simon(Comm.Math.Phys.
Vol.80,1981).



INVERSE PROBLEMS FOR STOCHASTIC TRANSPORT
EQUATIONS
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AGHEE TIIARIE
Owu(x,t) = dyu(z, t) + (g(x) + wiu(z, t),
u(z,0) = ¢(x),

BRUBPIEER
Gru(t, ) = Opu(t.w) + q(x)u(t, z) + w, @)
u(x,0) = ¢(x).
DEEFENCHT 5. I ¢ LBRIT — 2 f(t) := u(t, o) ZBEIR L LIz & ISR ¢ 2
ROBMEZ2ERET 5.
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(3)
u(xz,0) = ¢(x)
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2 JERE

FRER (1) & (2) KHEVT, HEH w IRMICKET 356 w(t) L EMICKET 31585 u(z)
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fla,t) == u(a,t) PEA SN ERET 3,
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RIEICT %,

BEHICBWT, TLAKIE GREMME) ORE (1) OADS L. IFFR IERHEE) O
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Perturbation of Dirichlet forms and
stability of fundamental solutions
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1 [ERE
L(RY) EORBRT 1 ) 7 LER (£, 9(8)) ERD L5 5 B,
(fl/Z
(u,u) /./Rde" ¥) — u(x)) 2 (x.y)dxdy, 9(6) = [C®T M
REL, 22T J(ry) BHBABKTA D EORERK & o, KUBK KXY
K K
—_— < Jayy{ —————— 2
e =7 S T e @
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% q-stable like process. ¢(r) =r*(1Vexp(n(r—1))) (0 < a <2, n>0) %7/~ 3 & ZIZIX relativistic a-stable
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du/dt = Lu DEAB)p(1,x,y) DL T2 5 OFMIX, Z.-Q. Chen, P. Kim RURES [2,3]I2& D RD L5125
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8 1. (Z.-0O. Chen, FEZS 2003)
o-stable like process DBW%IZ C) KU C, # EFHE L TUTO XS gz h 5,

t d t

_d _d
G(ima /\m) <pltxy) SGmaA m),

R 2. (Z-Q. Chen, P. Kim, 8% 2011)
relativistic a-stable like process DRI ¢;(i e N) ZF EEBE LT & [x—y| OXMIBE L TUT D & 5127
flixhs,

_d 1 _d 1
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d
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cistexp(—culx—y|) (0<r<1<|x—y))
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A Dirichlet space on ends of tree and Dirichlet forms with
a nodeswise orthogonal property

Hiroshi KANEKO, Tokyo University of Science

We take the set T'= {--- ,a,b,¢,---} of countably many nodes (vertices) which admits such

hierarchical structure as representated in the following figure:

b/J;\d
A A A

Then T is described as the disjoint union of its subsets {T}, | m € Z}, where each T,, stands for
a set of nodes in identical hierarchical level as

TO:{”',(L,'“},
le{... ’bvcvd’...}’
TQ:{ ae7f1"'vjvk7"'}'

The map 7 : T — T is defined by 7(y) = x for any y € T, where x stands for the node which
can be traced back by a single edge® —” from y, e.g., 7(b) = a.

A tree for Ty, the ring Zj of 3-adic integers is described as

|

Z3 = { . .LL232 +a13 + (LU|(L(),(L1,(L2 e E {0, 1,2}}

By /3(0) Byy3(1) By/3(2)

T~

By/9(00) By/9(10) Byy9(20) Byse(01) Bysg(11) Bijg(21) Biye(02) Byje(12) Byje(22)

AN AN AN

where By/3(ap) = {...a23% + a13 + aglag,az--- € {0,1,2}}, Byjg(arap) = {...a23* + a13 +
aglas -+ € {0,1,2}}. This shows that we may drop off B,1/3 and 1/9 in denoting those balls.



Accordingly, we can draw the tree associated with the field Q3 = {...a23% + a13 + ag + a-g;l +
. a3‘,,,’,“ |a—m,- - ,a_1,a0,a1,a2 - - € {0,1,2} for some integer m} of 3-adic numbers as

(3) (3) (%)
_—— T/ /N /N
(0) (1) @ ...

(00) (01)' (02) (10) (11) (12) (20) (21) (22)

/NN AN AN NN AN NN

We regard sequence {a;}55, of nodes in T" as an end of the tree if m(a;41) = a; is satisfied for
any i and denote the set of all ends by L.

Example (Tree Ty, associated with the field Q, of p-adic numbers). Let Ty, be the set con-
sisting of all balls in @Q, and denote the volume of ball B by Vol(B). Then we can define the
relationship B—DB’ for B, B’ € Ty, by

BB’ if either B C B',pVol(B) = Vol(B') or B’ C B,pVol(B') = Vol(B).

The map 7 is defined by 7(B) = B’ with the ball B’ characterized by B C B’ and pVol(B) =
Vol(B’) and in addition a homeomorphism between £ and Q, is obtained. In fact, any end
¢ € 7 is representedby a sequence {Bo, By, - - - } of balls satisfyingBy 2 By 2 ..., which deter-
mines a singleton {a} C Q, by {a} = M;B;. The map { — a gives a bijection from £t to Q,
which is viewed as a homeomorphism.

Let us define S, = {y € T | 7*(y) = x for some non-negative integer k} and XF = {£ € £+ | ¢
admits a representative sequence {a;}$2, of x satsfying ag,a1, - € S} for any € T'. The set
Y1 is called a branch for each x € T. Instead of connecting nodes by edges as the figure on the
le%t, we may connect branches by edges as the figure on the right for comprehending support of
functions or domain for integrations.

=
SN e

We will introduce the following notations:
e C"™ (") = {functions taking constant on every X} with y € T,,11},

e (%) = {functions vanishing outside £} } for every x € T,



o C, =C(ZF)NC™(XZY) for any z € Tpp,

e C%, . = {the linear span of C «.,y U--- UC,} for any positive integer k.
7k (z) wk(z) yp 8

We assume that £+ admits a Radon measure p with support ¥ and that there exists a complete
orthonormal system ® of L?(X7; i) satisfying

(i) ¢ = UIET(I)za
(i) @, ={p € 2NCe | (p. ln+)r2(n+:p) = 0} and #&, = #{y e T | n(y) =z} - L.

In [1], an intuitively acceptable class of Markov processes was introduced relying on a construc-
tion method based on Kolmogorov’s equation. It turned out that any Markov process in the class
admits Dirichlet space whose eigenfunctions are given as the system ® and each C, is spanned by
@, and 1y+. In contrast, it has been suggested that one may start with a family {(&;,Cs)}eer
of nodewise given Dirichlet spaces satisfying ®, C C, for constructing Markov processes. In
fact, a Markov process characterized by the family is constructed in [4] and related probabilistic
phenomena are studied based mainly on such potential theoretic notlons as Dirichlet space in
the article. In accordance with these studies, we assume that ® C F, whenever (£, F) is dealt
with as a regular Dirichlet space on L?(X+; ).

We are going to reveal a relationship between the Dirichlet space (£, F) and nodewise given
Markov processes through the orthogonal projection P, to the linear subspace C, o spanned by
®,. For the purpose. we will focus on the orthogonal property £(¢, ¥) = 0 for any ¢ € &,,¢ € ®,
with distinct -, y € T which is involved coherently in the existing formalisms as in the previously
mentioned studies. The objective of the present talk is paying a close attention to a characteristic
property implied by the orthogonality and paving the way to a general formalism complied with
the characteristic property.

In our observations, we define an element (), , of C; by (u),r = (W‘I,T) Jsr u(m)p(dn))1g+ for

locally integrable function u on ¥%. By starting with the Dirichlet space (€, F) with the orthog-
onal property, we will give a decomposition into the family {€,}.cr of nodewise given Dirichlet
forms, due to the explicit expression Pru = u — (u), . for u € C,. We will give a sufficient
condition on the family {€,}.cr of nodewise given Dirichlet forms for building a class of Markov
processtes each of which is associated with Dirichlet space on L?(X%; ) with the characteristic
property.
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On a stochastic differential equation for SLE on multiply
connected planar domains

Masatoshi Fukushima

In 2000, Oded Schramm [S] formulated the stochastic Loewner evolution
(SLE) on the upper half plane H with a finding that the possible candiates
of the driving processes are £(t) = v/k By, where By is the standard Brownian
mtion on JH and k is a positive constant. In this talk, we show that, for
a corresponding evolution for a multiply connected domain, the possible
candidates of the driving processes are given by the solution (£(t),s(t)) of a
specific Markov type stochastic differential equation, where £(t) is a motion
on OH and s(t) is a motion of slits. When no slit is present, it reduces to
/KBy as above. This is a joint work with Z.-Q. Chen.

A domain of the form D = H\ Uff:l C is called a standard slit domain,
where {C}} are mutually disjoint horizontal line segments. The collection of
standard slit domains is denoted by D. We fix D € D and consider a Jordan
arc

v:[0,ty] = D, ~(0) € oH, ~(0,t,] C D.

For each t € [0,1,], let g; be the unique conformal map from D \ v(0, ] onto
some D, = H\ Ufcvzl Cx(t) € D satistying the hydrodynamic normalization

a
gt(2) :z+;t+o(1), z — 00,

for some constant a; strictly increasing in ¢ with ag, which is called the
half-plane capacity. Define

£(t) = g9:(7(t)) (€ OH), 0<t<t,
The following facts have been proved in [CFR]:

e a;, £(t) and D; € D are continuous in ¢.
In particular, the arc v can be reparametrized in a way that a; = 2t,
0 <t <t, (half-plane capacity parametrization).

e Under this parametrization of 7, the family ¢,(z) satisfies
the chordal Komatu-Loewner equation

dgi(z)
dt
where Uy(z,(),z € Dy, ¢ € OH, is the complex Poisson kernel of the

Brownian motion with darning (BMD) on the standard slit domain
D;.

= =210 (g:(2),&(t)), go(z)=2z€ D, 0<t<t,,



e The endpoints 2;(t) = z;(t) +iy;(t), 25(t) = 2(t) +iy;(t), of the slits
C;(t) of Dy satisfy the Bauer-Friedrich equatzon

Ly (1) = 2R (1), (1),
Lal(t) = —2nRW,(24(t), (1)),

We define an open subset S of the Euclidean space R3V by

S={(y,x,x)eR*¥»:y >0, x<x,
either :z:; < @y, or x), < x; whenever y; =y, j # k}.

By the correspondence z = xy, + iyg, 2j, = 2}, +iyr, 1 < k < N, the space
D can be identified with S as a topological space. The point in S (resp. D)
correspondigy to D € D (resp. s € S) will be denoted by s(D) (resp. D(s)).
s(Dy) is designated by s(t). Then

W= (£(t),s(0) € R x S (CR™M), €0y,

is determined by the Jordan arc v with half-plane capacity parametrization

and becomes a continuous random process if 7 is randomized as follows.
WeletD {D=D\F:DeD, F compact H-hull, FNH C D}.

For D € D let

QD) = {y={yt):0<t< ty} : Jordan arc,
¥(0,00) € D, 4(0) € (H\ F), 0 < t, < oo} .

Two curves 7, 7 € Q(D A) are regarded to be equivalent if 7 is obtained from
7 by a reparametrization. Q( D) will designate the family of the equivalence
classes of Q(D) Each 4 € Q(D) can be represented by a curve belonging to
this class parametrized by half-plane capacity. We then introduce o-fields
G(D), t >0, and G(D) of subsets of QD) using the coordinate maps.

For each D = D \F'e D and z € O(H \ F), we consider a probability
measure P5 on (D), G(D)) satisfying P5.({1(0) = 2}) = 1, and further
(DMP) (domam Markov property) and (CI) (conformal invariance) defined
analogously to [S]. For { € Rand s € S, define a probability measure Pies)
on (2(D(s)), G(D(s))) by P s) = Pps),,0)-

It can then be shown that (Wt,IP’(&S)) is a time homogeneous Markov
process satisfying the Brownian scaling property: For s € S, £ € R and any
c>0, {c'W_y, t >0} under Precsy ~ {Wi, t >0} under Pe ).

2



We write w = (§,s) € R x S. A real valued function u(w) of w is
said to be homogeneous with degree 0 (resp. —1) if u(cw) = u(w) (resp.
u(ew) = ¢ tu(w)) for every ¢ > 0.

Theorem The diffusion Wy = (£(t),s(t)) satisfies under P ¢ s) the following
stochastic differential equation:

t t
= W,)dB; d(Wy)d
0 £+/Oa( ) +/0< )ds
t
Sj(t) = Sj+/ dj(WS)dS, t>0, 1<j5<3N,
0

for a non-negative homogeneous function a(w) of degree 0, a homogeneous
function d(w) of degree —1. Here By is a one-dimensional standard Brow-
nian motion and the function d;j(w) = d;((s,§)), 1 < j < 3N, are defined
by
—2m3Ws(25,€), 1<j<N,
di(w) =< —27RVUs(2;,&), N+1<j<2N,
—277%\115(25-,5), 2N +1 <5 <3N.

in terms of the complex Poisson kernel Wg(z,&) of the BMD on D(s) € D.

Conversely, for given homogeneous functions a(w), d(w) of degree 0, —1,
respectively, both being assumed to be locally Lipschitz continuous, the
above SDE admits a unique strong solution Wy = (£(t),s(t)) because d;(w)
are also locally Lipschitz continuous by virtue of [CFR].

We then substitute W; = (£(t), s(t)) into the Komatu-Loewner equation

dgi(2)
dt

= =210y (9:(2), (1)), go(2) = 2 € D(s(0)),

to produce random conformal maps {g¢:(z)} and random growing hulls { K;}
analogously to the SLE for the simply connected domain H.
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1 Introduction

RO D SPDE(Heat equation with noise) & Z %.
Qru(t,x) = %Au(t, ) + a(u)W(t, x). (1.1)

ZZTa(u) i3 R EOBGEREK W(t,o) BBEMAIXA—FDETL + 24X,
Z ® SPDE DRIZHNIG T 2HEEE TN E L TA—,4—75 77 »&E) (super Brownian motion, SBM)
s EORIBIEERBRELR E3H 5.

1.1 A—=N—=T S5 EH
R LOBRPWELEDEESE Mp(RY) £ T3 (HEBICROMMEEZ AND). 2—15—7F 7 V5EH)
{X:()) 1t >0} X Mp(RY) Offi% & 2HERBBETH Y, ROVNF V7 —VEEO—BEME & L THEMT
5N,
EEOHR 2 WMoy AHE 2 BIsK o 1oL T
Zu(0) = Xi() = Xolp) — [y Xo(3Ap)ds
BFX-2NF VTP —NTHY
(Z(), = [y ¥X(p?)ds,
2T X(p) = Jpa p(@)Xo(dx), v >0

A=R—=T 5 VEBOMEE TN E L TORIFIZRICEIL, 1D SPDE L B#ET 2 5T R L %
F3.

Theorem 1.1. [2, 5, 6] X;(-) B A== 7 57 VE8HET 5.
(1) (d=1) X,(-) 13HER 1 THEED t € (0,00) T Lebesgue HIEIZX L T T TH D, 20HEER
u(t,z) ET 3L (Xy(dz) = u(t,z)dx), RD SPDE ##%7-7F .
du(t, z) = %Au(t,z) + LWt ).
(i) (d > 2) X¢(dx) 1 Xp(1) # 0 TH 5B & Z Lebesgue PIEIIN L TRELFETHY, 20l
supp(Xe) D Hausdorff RIGIX 2 TH 5 (HausdorFHIE S BERIZMSNTWES)

() Ehd=1DEEalu)=Au L7 (L) IHBELTVE I EhbhoT:.
CDXHIT (L) ICHBT 2WEETADBL ODFAoNTEY, RENLZLDELTUTDL DA
H3.

a(u) = Au, X € R < KPZ 5D Cole-Hopf f## [1]
a(u) = Vu — u? < Stepping-stone € 71V D EEHRIR [7]

Z ZTHD a(u) IZNIGT 2 AIEERRBEZBRT 2L 2ER5.

*nakamako@math.tsukuba.ac.jp



1.2 SV LBREFROR—/I\—T 50 VEF

Mytnik 23 [3] T7 v ¥ AREROGK T 77 VEEOWBR L L T7 V¥ LBBERDR— =757 ViEE)
(SBMRE) 2 L 7. SBMRE{X,(:) : t > 0} ZRD=NLF v 7 — LiJEO—BRE L L TN sn 3.

EBOER?2 B’é%‘(ﬁ:‘f?ﬁﬁ&ﬁﬁ& tp XL T
Zi(p) = Xi(p) fo Ap Yds
M FX-e LT /’T—JVCEE )
mwsﬁxwm
+ fo S g 2(@)g (2. y)o(y) X s (da) X o (dy)ds.

7272 L g(a,y) IAMRIEEEEFEGER THRESATHREBEL L .
R XD Remark T Tg(x,y) =6,_, LBEERITEBFEET I Z N T v ¥ 2 FBEBER u(t, x)
Z#%H SPDE

Opu(t,x) = %Au(t ) + Vu + Wt x)

DRRIZ D) LRRTw 3,
CHEIEAT, alu) = VAT B E L7 (L1) ORERD L aFik hHEEE FAE T Y LB
SRR OBEER - BT 5 2 L2 RAART.

2 SBM,SBMRE D#H

2.1 SBM

SBM RERNLDE 750 ViEFHOEGERBE L THBsn 5.
ZITRAR T IV EEERDLHIZEET .

Definition 2.1. %757 ViE8) (BBM)
(i) Bzl 0 T N O F IR RIS HFTE.

(ii) W%l t € (£, EHL) f%ﬁ“?biﬁunn 7 BB E L, Bl = B olaic BT 5. SRR
3 T 21, if’biﬁﬁzﬁ TOMICHHET 5.

BBM iZxf L TRD & 5 JWE@%X:@EMJ%%EZ?%.

BN
A ~ 1
Xév:()(], X{V-_—Z’ﬁor;

i=1

22T BN 3Rt TORKFE, o BRIt T i BHORTFOVLAE. 2F) Ac BRY) LT
XN(A) = BRALTARCOIHIOR 2y 2 N oo THORT 2 Z 086N T3

Theorem 2.2. {XN():t>0} = {X;():t>0}. TTTX,() W (1.2)0—BE(v=1)

2.2 SBMRE

Mytnik X & 3 % BBMRE 0@l & LT SBMRE 2R L 7.
€ ={&(z) : © € R} % random field TR EWT LT 2.

P(§(x) > 2) = P(§(x) < —2),x € R?, 2 € R, E[€(2)€(y)] = g(,y), E€(2)*] < 0.
{& -k e N}: ¢ EMNIRAS RS, 20+ % BBMRE 2R CEET 3.
Definition 2.3. V¥ LAREBEFOSMET 5V V&8 (BBMRE)
(i) K 0 TRAIZ N KT

(it) WiZl ¢ e [ £ B oM FIRMITIc 77y v EET 5. Bt = B cRFIIELIC ST 5. 7
#LB@$2+%§LT2@, B L - LNV o fIc BT 5. T T i
SHTHEEA L — ST TEREL e



D& HIZBBMRE %2 E#H L AEBEREBE XN 2 BBM OB LAL X H)ICEETIEN oo & L
7-#ER L L TSBMRE#Zioh 3.

ER: glx,y) & Gy THEEBZZ 20 2 LIIHEES ((v) BEMICETZR74 P /A X2k B L
VWY T EEREKL TS, Mytnik OBEEICH L T g(e,y) 2 BE#Z 7 BBMRE 2% 2 % L 7HOBIC
BN FIIHEE 1 CRRIMBIZV IOV ICHEYEZ v (REOHEL V). ZokOmREREL
7> TH H#ID SBMRE 1285 h 72\,

3 Result
HI9D SBMRE 2185 7:0ICRD K I 20 LD 5V ¥ LBEFOSE T v L4 =0 %EX 2.
Definition 3.1. Y% ARBHROMES VT L7 +—% (BRWRE)

(i) ’eZl 0 TRAIC N @Ok F.

(ir) B n TRz (IS BRTFIIERZ 0 + 1 TBHER 2 MILICHER o TRATHET 2. BE)L 8557
CAHET 5. FROEFTIEIHEE pV) (n,2) T2 M, BE (M (n,2) =1-pN(n,z) TOBICTHT
5. 7L {pWNM(n,x): (nx) € Nx Z4} 13 [0,1]) ICfli% & 2 MRS 2 HEEER.

HEERESRBRE L L TBRWRE 2E&7T 5. Ac BRIITHLT,

A N TVNADOHRIZH BT}
- N

E7{&(n,2) : (n,x) € Nx 29} % {1, - 1}-EMSZ RS H 2 EFREBDINT P(E(n,2) = 1) = § 2k
THDEFTE ZDEEIRDIEHBRDILD.

Theorem 3.2. [{/d=1, pM(n,x) =1+ ﬁzlg,‘/ﬁ) (BeER)EFTBE, {XN():t >0} tight T, 2D

BRRRAE { X, () 1t > 0} I3HEE 1 TRTD ¢t € (0,00) T Lebesque PIEIIN L THahEHETH H, ZDEE
u(t,x) IZRD SPDE & #7- 7.

2,2 .
du(t,z) = %Au(t,.ﬂ) +/u+ 62” W(t,z)

Xév = do, XtN(A)
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Quenched large deviations for multidimensional random

walk in random environment with holding times

ARE Ef (ARET)

TR LEFERMEER DT VA LEEP DS Y R LT +—7 (BUF, RWREHT &%
) &, BRFRECHBEERLFERMEZZN TN D ALICEZ, FRUCHREVST
tRSUVELY A= T BHFOEFNTHS. SE D RWREHT I L, SV &L
Yr— 2 DTN SRE S HN T TR ORROWRLNLIRS B & T 5 KR
ZFEHEMEINZBEEEOMEZITo . SRTFETORBRENEIC 1 DFE (T
b, BBORICT VA LBEHRDS U Z LT+ —0) ORREFRBIIDOWTIE, EE,
RRICHZEEN TV S (BIZIE, (2, 4)). —7FA, RWREHT O %E Dembo, Gantert,
Zeitouni 5 DFER (1] DATH>Te. FTTET VX LEHEBHESR - (FHRRICOVTY
O —ROINVI— FEZIRET 2DHTH SN, KREZERMIE—RTEF Z T, DIV
AL HBHMRLRFERBZNTNCH LH 2O THLO—iHliz LB L 35, 50
DRERTI, WIHERER LEBATEHZD, 1| ORRESRTAIEL, 50T
VA LIS HERBHER « fF BRI G 2 — Rl 2595 5 Z LICHIh Uiz, [ARHC, K7
/ﬁfio)ﬂzﬁf@%ﬁ%f%% rate function IZDWTE LI RIRZ1§2 e MW TE 1.

BTFTRE, RWREHT DX D FLWHRELHRICOWTEHATS. £, FUX L
WEFDS Y ZXLT4+—27 (LN, RWRE L X9) #E&ET3. d> 1233, P &
Eq = {e € Z4le| = 1} LOMERELEDESLL, Q= P L33, QIKIE
UER LS o-INiERR G LEHIIE P o= p® (p i3 P LOMERE) &5 2Rz
M (LGP 2EX3. B w= (W, )eegs € QIEHL, KD Z¢ LD a7
((Xn)2%, (P¥)ypeze) &> T RWRE 2F&9%: PI(Xg=2)=1, hD

Pl Xnt1=y+e|lXn=y) =w(y,e), neNy, yeZi ecéy

iz, TYRLIKELEEEESETS. P, & (0,0) LOBENELADEALTS.
S o= P LU, THUCKEHERZEH o-IEK S L EMAE P = v87" L i3 Py b
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DHERRE) 25 X HEZER (Z,S,P) BEZX5. X OEEE 0 = (0,)pe0 L,
(70 (€))neng zeze € (0,00)N0XE" AT AHERIHIIT, &z € 29I LT 7 (x) DI
Al o, THBEDLTH. TOMEER 7,(c) B VX LE/FLRLENY, Zh50
B (70 (2))nen, ceze WS BiEAIZ PHT THI T 2ICT 3.

ETEELZ RWRE &5 V2 LARBRRICH LT RWREHT 2E#%793 %. RWRE
(Xn)oZo £ TV R LERFBEM (70(2))neng oeze R LT, 28 EOEHERES > & L
A=Y (Z)iso BRDE I ICEHEL, TH%Ek RWREHT &L

n—1 n
Zii=Xny A Y T(Xn) SE< DY T (Xim).
m=0

m=0

TTT, Solomm(Xm) =0, Ffz, PE,:=Prg PHT L, CTHICHIGT 2136 E%
Er, TEITLICTS. Ak, Pr, PAT calisd 2 i E% £, EUT £33,
DUF, 2&Z@LTRD 2 DDEMEZRET 5:

(A1) logmin|, = w(0,e) € LYP) D [ s00(ds) € LU(P).
(A2) supp (law(z|e|:1 w(0, e)e)) D convex hull IZJBA 0 HAEENB.
LU EDREDTFT, ROEHASEDHERETHS.
Theorem 1. &R PO (Z,/t € -) Kt L TAREFEAKIIT %: RY LOTRTOR
LIVEATIKHNLT, PRP-as. T

1 -
— inf I(z) < lim =log P° _(Z;/t € T) < — inf I(z)
xele tSool ’ zel

MLY%, T T T, rate function I (378D Lyapunov exponent ay () ZHWVT

I(z) = igg(ax(x) - A)

THEZ6N%.
REIC EDOEHICHNS Lyapunov exponent oy (-) IKDWTERIZEIAT 3. Thik

KMEICERR, FVHLUA—JICHT5HEAL S H S HD traveling cost ZET
LEDT, TIVI—FREHEZRAVWAZLICEDRDEIICEDONIETH S:

. 1 =
lim <—;;log Eg,a exp{—)\HZ(ny)}]l{Hz(nykoo}]) = O‘A(y)' (1)

n—o0



TTT, H?(ny) @Y ELTA—0 (Z)is0 DM ny \OFEERLTHS. (1) DL
WOMEHEIX, JEZOEBE S VR LGEBEOMSIMERENSC &ICKD

H¥ (ny)—1

E° [EET[exp{—)\ Z Tn(Xn)}]l{HX(ny)@o}”

m=0
2
HX (ny)—1 2)

= Eg {exp{— Z 9)\7,, (Xm)}]l{HX(ny)<oo}:l .

m=0

LEWTES. TTT, HX(ny) 13 RWRE (X,,)%, D ny “DOFEERZIT,

Oro(z) = —log/ e 0, (ds).
0

(2) &0, Oro() ZTVHELRT V)L LTHD RWRE (X,)2, D traveling cost
& LT, RWREHT IZX$9 5 traveling cost ZIEZ A5 LN TES. Thic kD, KiEE
JFEICDWTHENEA TV ARSI VA LRT VY VDY Y TGV B LT +—7 (f
213, [3]) DHEifi%Z RWRE OBANILES 25 EATENE, RWREHT OFFICER
MET NI, TNNGEORBRZELILHDRA Y FLE>TWV3S.
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Strong solutions of infinite-dimensional SDEs and random matrices
2012/12/21/4&  REBEI (FUNKZ) - BRFL (FEXE)

S =R%4C,(0,00) ZOMD2—7 ) v FEMOBLRHHEE LT 5, ZORETIEZ. S NOERE O
T NVEDITRF DOEB R KT SDE, 2%V, SV £® SDE O—EBHGRMBAHERT 2 H LV Fikdd~
D, FNERNT, B2, Alry RIBREFESM L TIFHT 7 U L E8% KRHT 5 SDE O—BHIHED
FlREZTT, (RO TV, BFEMOMEEKIC L 2MENFIZLIBHRLE BT DI LE2TT,

1 SDE QRO L LVEHERS

SDE OS8R 2T 5 FIEIL. WAREZFE O T, —DIF~1 2 78O SDE OFEIZOVW TR~ S,

Let W(SN) = C([0,T); SY), where 0 < T' < oc. Let Wy, be a Borel subset of W(SN). Let o b :
Wio1— W(SY). Let Sy be a Borel subset of SN.

We consider a quadruplet ({o%}, {b*}, Wi, So) and the ISDE on S of the form

:q0a

dX{ =o' (X)¢dB} + b (X)dt (i € N) (1.1)
Xp=s= (Si)iEN €Sy . (1.2)
X € W, (1.3)

Here X = {X; }iepo1) = {(Xti)ieN}te[O:T) € Wi, {B'} (i € N) is the SN-valued standard Br motion.
(P1) The ISDE (i'1) has a solution (X,B) € W(S™) x WO(SN) for each s € Sq.
For a prob meas Ps on W (SY) x WO9(SN) we denote by Ps g the regular conditional prob

— _ :q0f

P.p=P(X€ B), P,=P(Xe:), PE=P(Bec") (1.4)

For a path X = (X});en € W(SY) and m € N, consider X™* = (0,...,0, X7}, X7"*2 ...) € W(SN).
For X € W1, s € Sg, and m € N, we introduce a new SDE (lql?)) on Y™ = (Y} ...,Y™).

:qib

dY} =o' (Y™ + X™)dBi +b'(Y™ + X™)dt  (i=1,...,m) (1.5)
Yo' = (51,...,8m) € 8™, wheres = (s;)52,
Y™ 4 X™ € W (1.6)

Here X™* is interpreted as a part of the coefficients of the SDE (lql?)), and we set

‘qlc

Y™+ XM = (Y Y X X, (1.7)
(P2) For each s € Sy and X € WZ, the SDE (lqlb5) has a unique, strong solution for each m € N.
Let Tail (W(SY)) be the tail o-field of W(SV), and for a probability measure P on W (S") we set
Tail (W(SV)) = ﬁ o[X™),  Tail V(P) = {A € Tail (W(SY)); P(4) = 1}. 1.8)
m=1
(P3) For each s € Sy, the tail o-field Tail (W(S")) is Ps-trivial.

‘We state the main theorems in this section.

1:q1

Theorem 1. (1) Assume (P1)-(P3). Then ISDE (fhl)f(lqo3) has a strong solution for each s € Sy.
(2) Assume (P2). Let Ys and Y. be strong solutions of ISDE (foal)f(foz‘%) starting at s € Sq defined on

the same space of Brownian motions B. Then Y = Y. a.s. if and only if

:q1d

Tail M (Law(Yy)) = Tail ' (Law(Y2)). (1.9)



2 Tail theorems

FRDEE (P1)-(P3)D 5 b, &Mook, (1], 213 o—ixam<c, #rwszentxs, (P3)iES
AR ASAEBEORERED tail BAEEZERT 2 L0EE, ZOETR, ZhPREEMO AR tail
BEAMENLES ZENTEDZLRTT, 22 Th, —MRMURBHEALTERD,

Let S be the configuration space over S. Set S, = {s € S; |s| <r}. Let Tuil (S) = )<, o[mse] be the
tail o-field of S. Let u be a prob measure on S.

(Ql)  Tail (S) is p-trivial.

Let W(S) = C([0,77;S) and write X = {X;}o<i<T € W(S). We lift the p-triviality of Tail (S) to
a triviality of the labeled path spaces W(SV). For this we equip S with a subset Sy and a family of
probability measures {Pg}ses, on W(S). We call {Ps}ces, a lift dynamics.

(Q2) There exists a Borel set Sp and a family of prob meas {Ps}scs, on W(S) satisfying (fzi)—(de)

:p2a

1(So)=1,, Py(Xo=s)=1 forallseS, (2.1)
X, - , 2 i

Py <pforall0<t<T,melL (u). PEdQQ)

The density p(t,s,t) is B([0,T]) x B(S) x B(S)-measurable. (2.3)

Here P}, = Py oX; !, Py = Js Psm(s)u(ds), and p(t,s,t) = Py o X7 ' (dt)/dp.
(Q3) Ps(W(Ssi)) =1forallseSy, where Sg; = {s; s(5) = oo,s({z}) <1 for all z € S}.

Let I(s) = (In(s))nen be a label. Let [paen be the map lhaen : W(Ss.) — W(S") such that [ (X)g =
[(Xg). By definition X; = Z;C:l dxp and X; = (X{')nen for all ¢.

(Q4) There exists an increasing sequence {K*} of compact sets in S such that
:pip

lim P, (W(K)) =1, M. <coforalli,reN (2.4)

i—oc
Here we set M% = inf{m € N; X" € W(S¢) for all m <n € N, X € W(K%)}.

1:p6

Theorem 2. Assume (Q1)-(Q4). Let Py = Pgo (;alth, s=1I(s), and p' = pwol™l. Let G be a sub o-field
of 7;,ath(SN). Assume that G is countably determined under {Pg}ses,. Then

(1) G is Pg-trivial for p'-a.s. s.

(2) For u'-a.s. s, the set 7;[;111(51\],9; P,) = {A € G; Ps(A) = 1} is independent of s and the particular

choice of {Ps}ses, tn (Q2).

3 FHITI3V U EBO—EHIRAER

IOETE, SETORRETHT 7V EBNCERT S,

We begin by introducing the ISDE. Let H be a measurable subset in S. Let u be the unlabel map,
and set H = u='(H). Let ¢ : S x H— (R)N and b': S x H— (R¥)N be measurable functions. Let
X = (X])ien € W(SY) and set X; = 37, Oxis Xi* = D en. s 8. Consider the ISDE.

dX] = (X}, Xi")dB; + b(X{, XI*)dt (3.1)
Xo=secH (3.2)
X, eH foralltel0,T] (3.3)

We set a(x,y) = o(x,y)to(x,y) and assume



(R1) p has a log derivative dj,(z,y) and b(z,y) = ${V.a(z,y) + a(z,y)d,(z,y)}.
(R2) p is a (®, ¥)-quasi Gibbs measure, and (®, ¥) is upper semicontinuous.
(R3) (E#,DH) is a quasi-regular Dirichlet form on L2(S, ).

(R4) H is a subset of Sq;. satisfying Cap”(H¢) = 0. Here H = u(H).

(R5) Each tagged particles are non-explosive.

(R6) The coefficients a and b satisfy “local Lipschitz conditions”.

Let ¢ be the regular conditional probability defined by p: = u(-| Tail (S))(t). Then

ir2a

u(A) = /pt(A)ﬂ(dt), and p(A) is Tail (S)-measurable for each A € B(S). (3.4)
s

l:r2
Lemma 3. Assume that p is a quasi-Gibbs measure. Then Tail (S) is uy-trivial for p-a.s. t.

1l:rd

Theorem 4. Assume (R1)—(R6). Then there exists So such that u(Sy) = 1 satisfying the following:

(1) The ISDFE (3r0a1)—(?;0.§) has a strong solution (X, Ps) for each s € Sy such that {(X,Ps)}ses, is a So-
valued diffusion. The associated unlabeled processes {(X, Ps)}ses, s a So-valued, p-reversivle diffusion.
Here S = u(Sy).

(2) So can be decomposed as a disjoint sum Sp = 3"\ 1au (S)/~ So.t such that pe(Se+) = 1, where Sgy =
u(So+), and that the subcollection {(X,Ps)}ses,, are Soi-valued, p-reversivle diffusion satisfying

‘rda

PuoX;' <p forallt for p-as.t. (3.5)

(3) A famnily of strong solutions {(X,Ps)}ses, of (goal)f(i’ioé) satisfying (ISMS) is unique for pu'-a.s. s.

Remark 1. (1)L EOERIL, (BARHKIZERS) 7TD Ruelle 7 7 ART ¥ ¥ /L &FiD Gibbs HIEE,
Dyson model (3 = 1,2,4), Airy S8 (3 = 1,2,4), Bessel Ri3#2 (3 = 2), Ginibre Si#fE (3 = 2) ([Z#EH
T&%, /2. INOEMETHRY 2EIR, 8% bBRONP- T E-BbI S, _

(2) BEDO—FEMA G, Dirichlet BRO—BHOBREL. $25L VT, RTE S, 2, LangiZ kb
Bk e, RAICL BB (tall NBARBEIT) ELVZ RSN D,

(3) THEGibbs M), MRSy, HREABBEO BT R, HUNES)) . [FFEZE]. [3EBF ©6 -0
FeREMPIME 2RI, Uto—RweisERTE3, BIELTRE7 7 XOHIX, Airy, Sine, Bessel
@ B ensemble X Gaussian analytic function DERTH 3,

p:5
Lemma 5. The Airy point process with 8 = 2 has a trivial tail.
1:6

Theorem 6. The Airy dynamics given by the space-time correlation functions is the unique strong so-
lution of the ISDE

dth = dB; + lim {( Z ——1‘—7) —/ Mdlﬁ}dt (1 S N)
T e X Jal<r

Here g(z) = @1(-&0)(:3).

SEXH

o.tp
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ory and Related Fields, Vol 153, pp 471-509.

[3] Osada, H., Interacting Brownian motions in infinite dimensions with logarithmic interaction potentials, (to
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ROTATION INVARIANT PROCESS h5#EHh 3 SDE DA 5—H A
LLDOIERICDWT

TAKAHIRO TSUCHIYA

ABSTRACT
EITROLUT OMERMT TR ZEZ 5!
(1) dX(t) = (2BX(t) + (1)) dt + g(X(t))dW (1),

7272 L (W(t))i>0 1% Wiener 2T, X(0) > 0,3 <0. 7§ 3% 2 T[T~
Adapted measurable BJ4K, fo §2(s)ds < +oo a.s. forallt >0 TH D, g | Holder i
ez Ri> LT % )
l9(z) —9(y)| < Klz —yl3,

CITKIZIEDER. ZOMIE—RENTHEE %0, £ 7 HEGERAR ) 32D D T
Z Ry = [0,00) ZHfL2 Z LiZ7m\. ZOMERMY HERIIEIE 7 74 F v ALE
W C A 2 Bk 3 % BR IC S A el 2 B e

STneN&EL, XH[0,T] 12BH¥ %7 \ﬁJ0:t0<t1< n=TZ2EZ, N
A, EEL. ﬁ'%FﬁF T/n FET 563 AL &L, ||A || —man(tk;J,_]—tk)
&£ <. Delbaen et. al. [1] | ﬁEO’CTJ@jﬁﬁﬁ(ﬁJ\?‘ﬁ%_ﬁ( )@ﬁﬂk% 2DV TR DBEHOE
L, Euler-AILBERL (X, )nen 25 Z 5. X,(0) = X(0) £ LT,
Xn(t) = Xn(te) + 28X (k) (t — ti) + 0(tk)(t — ti) + g4 (X (te)) (W (t) — W (tk))

Floldty <t<tpy THZEE ()=t T8, ZEALT,

t t
Xo(t) = X, (0) + / (28X, (1 (8)) + 6(a(s))) ds + / g1 (X0 () AW (s)
ELTEDS. g @ﬁf}aﬂii}‘ﬂi“(“?@ 525 Buler-AUDEBRIBERZI N B DI

g1 (z) = g(xl(zs0)) & L7, Z CIABUHD EFIFICHIR S 72, 22 Ty Yy
ﬁ%l@%ﬁ?‘h iﬁﬁ Euler iLIJJﬁU%k}*i) EZ o, %ﬂ%@ﬂl%@ﬁ? ¥ThH
PoTws (BFIZIF[3]) 2EICHERETS. Kol3 1] ITBVWTETDw e QITHL

sup,, 0(u)(w) € Lt "C‘%ﬂﬂft%ﬂ@%ﬁ'ﬁi‘f‘@ Euler-AERL (X)) neny DAED I IZ
L-supnorm, § &b HHPCE L, M2 TZDOICRD A — & — X LH- B OEPE [2] I
WA S BT A2 L EhSiiicE 22 L 2R L.

% LT Gyongy et. al. IZE>TUTD &I ICHEHEI N L.
(2) dX(t) = b(t, X (t))dt + o(t, X (t))dW (t),
ZZTHLIRY 7Yy R f B X OHFABEE glckoThb=f+g ERD,

(1/2 + ~)-Holder #ifiith 2579 % & 9 5:

£t 2) = f(ty)] < Klz—yl, |g(t,2)—g(t,y)| < Klo—y|’, |o(t,2)—0(t,y)| < Klz—y|7 .
RELEK>0THY ve(0,5). &L THERMII IR (2) 1SN L Ay 1281 % Euler-
AUBEM (X7 ) nen %%Z_%

dX7(t) = b(t, Xa (1 (t))dt + o (t, Xa (1 ())dW (1)
1



2 TAKAHIRO TSUCHIYA

5 1% [4] 1I2BWT Ll-norm I2B T 2K DOE I 53 Lo 5
C/(1 , =0
® mmaw—xwus{cﬁﬁﬁab i

CRIEDOERE LM cEs L% R L, 2L > T, ZD LP-supnorm D ¥

fifiZ 4T\ 5. :m;tm%wﬁ@@ﬁﬁ‘l%f 1/2-Hélder TH Y, BV 7 FIEH b HMHAHUHIC

s U/ S WA IRICRANES 725 2 L3 RIC X > TS TE Y 5], 21
LB ED %%fﬁ*%a&ofu%

0.1. HE-LeGall & (Wiener driven SDEs). AG#i#HTl, @ Euler-ALILITLL
DILKDHE DT, FAEDFEDR SN TV EEER Y 7 A, ifE-LeGall 5D
TTEZS.

Definition 1. WRE-LeGall §&fF & 13D T 2723 2 &,
(1) EDO# e & K 23H>THERD 2 € R TRDRALT 5
e<o(zr)<K.
(2) ARZIGMBIE f DR L, fEED z,y € R TRHIRY LD

lo(z) — o (y)] < |f(z) - f(y)]2.

& 2 AW ERLL 72 Delbaen et. al. % Gyongy et. al Dl MA T, JaArREH D
iz bbb ETPORDOMI ZFHITT 5 2 LKL Z EZ2RT.

0.2. Holder &fF (Jump-type SDEs). Rotation invariant 2 (Z(¢))i>0 25 &
D40 % Ry 7 e
(4) dX(t) = o(t, X(t—))dZ(t),

IS Z M TTHEZD. MR OEKIZ 6] I/EIbDET S, ZLTA, ITBW
% Euler-ALUBER (X, )nen

dXy(t) = o(t, Xn(nn(t))dZ(t).
EELZEIZT S, F9RD Holder BGEESMA7- S b £ T 5.
Definition 2 (Holder). IEO% K >0 8L W y€ [0,1 - L] 235 >C,
jo(t,2) = o(t,y)| < o =yl
DKL % & EIT 0 13 (L + ) -Holder e, & L < IZFRD 0\ & ZIXHIT Holder
L& .

Z DT T Buler-ALUBERL (X, ) peny 25 2 % L HERMIY RN (4) DIROFAEL T
MRS 5 C LD (A IIE S )AL 7 7 AT T IZBWTRINS. ZDIL
HOM X 22 Delbaen et. al. B IUH-EBOBEBE 2D LBIEL-bD%2E
Z%. BRI [y tdy =logd 2@ LTRD X 9 AP use ZHERT 5.

Lemma 1. ¢ >0, § > 1ITX LTI 5 2B o5 AT DN/ 3415 & 9 1237z
T X ITHES,

0 |z| > €
wse(z) = { between 0 and (xlogd)™! : et < |z|<e |,
0 sz < edt
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ZLTCuse =u*pse EEFETS. T Tulz) =zt §2LE2TDreRITK
LT

(5)

1)
log 6

6(172

217 < o) + e,

up ()| <

DIEALT 5.

s EPEARE X O Emery DAERXZ V2 2 & T (3) ICRET 2 Ll

norm DiHi #5252 X TEBL I EZRT.
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1 Propagation of chaos

M.Kac 1956, 1979; H.McKean 1966; H.Tanaka, K.Uchiyama, A.S.Sznitman, - - -

Definition 1. Let S be a Polish space, u € P(S) and ™) € P(SN) be symmet-
ric for each N > 1. We say that the sequence p™N) is u-chaotic if the projections
of u'N) to S* converges weakly to u®* for any fired k > 1 .

Example 2 (H.Poincaré). Let u'N) be the uniform measure on {xr € RV :
2?4+ - +2% = N}. Then p'™™) is p-chaotic with p the standard Gaussian
measure on R.

The sequence p™¥) is y-chaotic if and only if

ol
Nli‘écﬁgé’“’“ in P(S) (1)

where ;s are canonical coordinates in SV (Tanaka, Uchiyama, Sznitman).

Definition 3. We say a sequence of Markov processes X™N) on SN propagates
chaos if the laws u™ (t) of XN are u(t)-chaotic for some u(t) € P(S) whenever
p N (0) = u®N for some p € P(S).

Example 4 (T.Shiga and H.Tanaka 1985). Let Q(x,2';-), x,2’ € S be bounded
nonnegative kernel with Q(z,x’; {x}) = 0 and let

Q.6a) = | [ vlde Qe d)lols) = 4(0)), @€ CulS), v € PIS),

Consider an interacting N -particle Markov process X V) (t) = (X{N)(t), e ,XJ(VN)(t))
on SN with generator QN = Zil Q,(fz,, Uy = vazl . Then, X™N)(t) propa-
gates chaos and py is the solution of
d
E@(t%@ = (u(t), Qunyp), u(0) = p(0).

2 Cut-off phenomenon

P.Diaconis-M.Shahshani 1981, D.Adous 1983, Adous-Diaconis 1983, Diaconis-
R.L.Graham-J.A Morrison 1990, Diaconis 1996, A.Hora 1997, - --



Definition 5 (simple random walk on hypercubes). Let N > 1. The sim-
ple random walk X™)(n) on the hypercube {0, 13N is the Markov chain with
transition probability

1
Mz y) = pM(ly — o) = d N> =zl =1,
P, y) =P (ly - ) =
0, ly —af#1
where the hypercubes are considered as abelian groups and |z| = |{i| x; = 1}| for

&= (r1,...,xn) € {0,1}V,

The Ehrenfests” urn of size N is given by [X™)(n)| which is the Markoy
chain on {0,1,... , N} induced from X(N)(n) by its symmetry in coordinates
xi’s. The n-step transition probabilities satisty the equation

, , N —k 4
Py Gk) = =pM Gk = 1) + PGk + 1),

Theorem 6 (Diaconis-Shahshani). Let p N (n) be the law of XN (n) starting
atz=0e{0,1}N. Ifn=1Nlog N + ¢N and N — oo, then,

6 m) = 7] = 2l (Le=2) - a0)
where (x) = [* \/%e—uz/%u.

3 Cut-off in direct product Markov processes
Assumptions on one particle Markov process:
e stationary law 7, initial law o = p.

o law p, at time ¢ with density p,(t,z) w.r.t. .
Assumption (A).

B ) =0 ) = [ bt - u%(dw)) 2)
/S lpu(t.c) — 17 (da) = O(pu(t)®) ast — ~. (3)

Assumption (B). There exist constants to > 0 and §p > 0 s.t.
pu(t,z) > dg for all z € S and ¢ > to. (4)

Theorem 7 (Y.T.). The total variation norm HuiN) — 7| satisfies

I = <@(GVRpL (1)~ B~V For ) + 0L 5

VN
PED) =pult) + 00, (1)) as t o, ®)
Here O(\/#N) s uniform in t > ¢,



Example 8. There exist a constant Ay > 0 and a bounded function ~y,(x) on S
such that

pult,z) =1+ e')‘”'yu(w) +o(e™t) as t — oo uniformly in x. (7)

Then, (A) and (B) are satisfied and
1/2
pu(t) = ce ™ (1 4+ 0(1)) as t — 00, ¢ _(/5 'yu(x)27r(dw)> . (8)

4 Trivial propagation of chaos in Ehrenfests’ model

Theorem 9. Let XN)(n) be the simple random walk on the hypercube {0, 1}V
. Then X(N) ([Nt]) propagates chaos and the chaos is given by the continuous
time simple random walk on {0,1}

Indeed, the n-step transition probability of simple random walk on the hy-
percube is given as

PV (@, y) = 2N Z (1 2]|§l>( 1)-a)€

£e{0.1}

where r - £ = [{i|x; = & = 1}|. Hence, its projection to S* is given by

pg,k!‘\r)(.’l‘.y) —9-k Z <1 _ %ﬂ) ( ) y—x)- E z,y € {()’ l}k.

gc{0.1}+
Consequently
hm pF ( y) =27k Z €*2|§|t(_1)(y7:r)‘§
£e{0.1}Nv
14e2 ly—=| 1 — g2t k=ly=l
() ()
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